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Abstract
Amorphous polymers exhibit a wide range of complex temperature-dependent and
time-dependent behaviors, from elastic and rubbery to viscoplastic and glassy. At high
temperatures, the polymer structure has high mobility and is in the equilibrium rubbery
state. The mobility decreases with temperature, and cooling drives the initially rubbery
material out of equilibrium and induces the glass transition. The glass transition mecha-
nism can be exploited to achieve the shape memory behaviors. The programmed shape
of amorphous shape memory polymers can be stored by the tremendous decrease in chain
mobility and recovered to an original shape in response to an environmental trigger, such
as heat and solvent, which increases the chain mobility. Modeling the shape memory effect
of amorphous polymers requires modeling the temperature-dependent and time-dependent
behaviors of the glass transition. Simultaneously, the investigation on shape memory be-
haviors of amorphous polymers can also enrich the understanding the glass transition.
In this work, we started with exploiting the glass transition to model the thermally-
activated shape memory behaviors. The model adopted multiple discrete relaxation pro-
cesses to describe the distribution of relaxation times for stress relaxation, structural re-
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laxation, and stress-activated viscous flow. Experimental methods were also developed to
obtain the stress and structural relaxation spectra, and viscoplastic parameters. The model
was applied to study the deformation temperature and physical aging influence on the par-
tially constrained recovery and fixed-strain recovery responses. The model was able to
capture the main features of the shape memory recovery response observed in experiments.
We further extended this model to describe the influence of solvent on the thermomechan-
ical properties and shape memory behavior of amorphous polymers. The solvent increases
the chain mobility, decreases the relaxation time and the glass transition temperature. The
time-dependent diffusion process was also incorporated into the model. The model showed
the ability to predict quantitatively the dramatic softening of the stress response of satu-
rated specimen and the time-dependent solvent-driven shape recovery. In the last part of
this work, we developed a thermomechanical theory that couples the structural evolution
and inelastic deformation to describe the nonequilibrium behavior of amorphous polymers.
We showed that this theory was able to reproduce the temperature-dependent and rate-
dependent stress response spanning the glass transition and the effects of physical aging
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Shape memory polymers (SMPs) are smart materials that can memorize one or multi-
ple temporary shapes and recover to their permanent shape in response to an environmental
stimulus, such as heat,1–5 light,6–9 electricity,10–12 pH13 or solvent.14–17 Among various
types of SMPs, thermally-activated SMPs are the most widely investigated due to their
ease of synthesis and characterization,18, 19 tunable mechanical properties,4 and broad po-
tential applications.20–23 Several different thermally-activated mechanisms3, 20, 24, 25 can be
employed to achieve the shape memory effect (SME), but the most common mechanism is
glass transition of amorphous polymers. Amorphous SMPs are typically programmed at
the temperature above the glass transition temperature (Tg), and cooled down below transi-
tion temperature to fix a temporary shape. The programmed SMPs are then heated above
the Tg to achieve shape recovery. The tremendous change in thermomechanical properties




Compared with the emerging field of SMPs, the glass transition behaviors of amorphous
polymers have been extensively studied for more than half a century. The characterization
techniques for the glass transition can be applied to investigate amorphous SMPs, and the
theories can be employed to model the shape memory behaviors. Thus, exploiting our
knowledge of the glass transition can improve our understanding of the complex thermo-
mechanical properties and shape recovery responses of SMPs under various conditions.
Simultaneously, the research on amorphous SMPs can also enrich our understanding of
glass transition behaviors.
This chapter begins by introducing the phenomena and theories of the glass transition.
The following section reviews recent work on characterization and modeling the thermally-
activated shape memory effect. From this, it demonstrates how the glass transition theories
can be employed to model the thermally-activated shape memory behaviors. Sec. 1.1.3
introduces shape memory recovery of amorphous polymers in solvent from both experi-
mental and modeling perspectives. This section shows that the solvent-induced SME arises
from the depression of the Tg through the plasticization effect. Sec. 1.1.4 describes the
physical aging and mechanical rejuvenation behaviors of the amorphous polymers in their
glassy state. Finally, the outline of this thesis is listed.
2
CHAPTER 1. INTRODUCTION
1.1 Glass Transition of Amorphous Polymers
1.1.1 Description of the Phenomena
The glass transition describe the reversible change of amorphous materials from a hard
glassy state to a soft rubbery or molten state. A variety of properties show tremendous
change during the glass transition. Among them, the most commonly measured properties
to describe the glass transition are the modulus, enthalpy and volume.
The dependence of modulus on temperature of amorphous polymers can be measured
by commercially available rheometers and dynamic mechanical analyzers.26 Fig. 1.1
shows the storage modulus of an acrylate-based amorphous network as a function of tem-
perature measured under a dynamic load with a constant frequency of 1Hz. As shown,
at low temperatures, the polymer structure is frozen and exhibits a high glassy modulus.
When the material is heated across the transition region, the polymer structure obtains more
and more mobility resulting in a dramatical decrease in modulus. The polymer then reaches
the rubbery plateau. The Tan(δ), or loss tangent, shown in Fig. 1.1 describes the viscoelas-
tic dissipation characteristic of the polymers. To distinguish it from Tg, defined as the onset
of the glass transition region, the peak of the Tan(δ) is defined as Tmidg in this thesis. The
measured glass transition region is dependent on the applied frequency, which corresponds
to the time-temperature superposition,27 and will be discussed in Sec. 1.1.3.
Differential scanning calorimetry (DSC) techniques are widely employed to measure
the enthalpy change of amorphous polymers with temperature.28 Fig. 1.2 plots the DSC
3
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Figure 1.1: Storage modulus of acrylate-based polymer
scans of annealed and quenched polystyrene specimens upon heating. The specimens were
first heated to 15oC above Tg for one hour to erase the thermal history. The quenched
specimen was quickly transferred to ice water, while the annealed specimen was slowly
cooled to room temperature over a period of 6-8 hours. For the quenched specimen, heat
flow increased upon heating due to gradually increasing of the specific heat capacity from
the glassy heat capacity cg to the rubbery heat capacity cr. In comparison, the annealed
specimen shows an endothermic overshoot. This is caused by enthalpy loss from structural
relaxation (physical aging) during the annealing period. Structural relaxation plays an im-
portant role in the performance of amorphous polymers, which is elaborated in Sec. 1.4.
Briefly, the structure of amorphous polymers is unable to rearrange towards an equilibrium
state instantaneously to a temperature change near Tg. Thus a longer annealing time results
in a more sluggish structure (closer to the equilibrium state), which is represented by an
increase in density and viscosity, and a decrease in enthalpy and mobility.
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Figure 1.2: DSC scans of an annealed and quenched polystyrene using a heat rate of
10oC/min. (Data extracted from Hasan and Boyce29)
Measuring the thermal expansion using a dilatometer and thermomechanical analyzer
is another general method to characterize the glass transition.30 The volume as a function
of temperature is often recorded during a constant cooling test. The coefficient of thermal
expansion (CTE) shows a rapid change from a high rubbery CTE αr to a low glassy CTE αg
around Tg. There are also other experiments which measure the volume change after a sud-
den temperature drop. Fig. 1.3 shows the volume change of poly(vinyl acetate) specimens,
which were fast quenched from an initial high temperature to the measuring temperature
and measured after 0.02h and 100h annealing at the measured temperature. As shown, a
longer annealing period results in denser material due to the structural relaxation. All of the
above experimental observations show that the glass transition process is a kinetic process
and that the experimental temperature rate has an important influence on the determination
of the glass transition region and thermomechanical properties.
5
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Figure 1.3: Specific volume versus temperature for poly(vinyl acetate) measured at 0.2 and
100 h after cooling rapidly from well above Tg (Data extracted from Kovacs31)
1.1.2 Glass Transition Theories
Many theories32–38 have been developed to describe the glass transition of amorphous
materials. Among them, free volume theory32, 33 and configurational entropy theory34, 39
are the most widely accepted.
The free volume Vf is defined as the space not occupied by the polymer molecules,
which allows the polymer segments to undergo rotation and translation. As the polymer is
cooled down from their rubbery state, the free volume continuously decreases and eventu-
ally reaches a critical value where segmental motion is forbidden due to insufficient free
space, resulting in a transition from the rubbery state to the glassy state. As an example,
the following illustrates the dependence of the viscosity on temperature through the free
volume concept. Assuming the free volume remains constant below Tg as Vg due to the









where α f is the linear coefficient of free volume with temperature.
The following empirical equation was proposed by Doolittle40 to express the relation
between viscosity and free volume,






Substituting eq. (1.1) into (1.2) gives,
η(T ) = A exp
 B
Vg + α f
(
T − Tg
)  . (1.3)





η(T ) = ηg exp
(
−
B/Vf (T − Tg)
Vf /α f + (T − Tg)
)
. (1.4)
By defining Cg1 = B/(Vf ln(10)) and C
g












2 + (T − Tg)
. (1.5)
This relation is known as the Williams-Landel-Ferry (WLF) equation,41 and is widely
adopted in polymer science.
Another widely accepted approach to model the glass transition uses the configurational
entropy concept. The pioneering work of configurational entropy by Gibbs and DiMarzio34
proposed that the glass transition is in fact an experimental manifestation of the equilibrium
second order phase transition. Many experiments including the examples shown in sec.
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1.1.1 imply that measured Tg decreases if the cooling rate is decreased. A new transition
temperature T2 at which the configurational entropy vanishes, can be considered as the
limiting value of Tg, where the experiments take an infinitely long time. In reality, due
to the tremendous decrease in chain mobility when approaching T2, the equilibrium state
can never be approached, resulting in a measured Tg which is larger than T2. The theory
is derived based on a quasi-lattice theory and the main calculation involves calculating the
number of configurations that chains can occupy the lattice. The detailed information of
this theory will not be discussed in this thesis.
The WLF relationship can also be obtained through the configuration entropy concept.
Adam and Gibbs39 extended the Gibbs-DiMarzio theory and derived an explicit function
of the relaxation time with configurational entropy Sc ,













The temperature dependent configurational heat capacity can be approximated as the hy-
perbolic form ∆c = a/T (Hodge42). Substituting this specific form and Eq. (1.7) into Eq.
(1.6) gives,












τ(T ) = τref exp
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By defining C1 = B′T2/(a ln 10(T − Tref)) and Cref2 = Tref − T2, the same WLF relation
is obtained from the configurational entropy theory,






Cref1 (T − Tref)
Cref2 + (T − Tref)
. (1.10)
Although both theories explain the glass transition phenomena with considerable suc-
cess, there are still limitations. For example, the free volume theory fails to predict the
influence of chain length or side chain on the glass transition. The configurational entropy
concept fails to explain the glass transition of inorganic networks. The emerging of the new
experimental and simulation techniques may be able to improve the understanding and help
develop a universal description of the glass transition.
1.1.3 Time Temperature Superposition
The time temperature superposition (TTS) principle states that the shape of the time
(frequency) response function does not change with temperature, so that a measurement at
a certain temperature is equivalent to a measurement at a higher temperature and shorter
time. This implies the mechanical response at various temperatures can be predicted from
the master curve at the reference temperature, and vice versa. The TTS principle can be
explained as following: for a thermorheologically simple materials, such as a generalized
Maxwell viscoelastic solid,43 the stress relaxation modulus can be represented as,














Previously, it is shown that the relaxation time at different temperatures are related with
each other through a shift factor aT .27 Thus the relationship between the stress relaxation
modulus measured at two temperatures, T0 and T is,
E(t ,T ) = E (aT t ,T0) . (1.12)
In the following chapters, the TTS principle is applied extensively to obtain parameters for
viscoelastic constitutive models .
1.2 Thermally-activated Shape Memory Effect
of Amorphous Polymers
1.2.1 Experimental Characterization
Amorphous SMPs are classified into two major types: chemically cross-linked ther-
moset and physically cross-linked thermoplastic.3 Thermoset SMPs show nearly 100%
shape recovery but the programmed strain is typically smaller than the thermoplastics
which allow as much as 400% programmed engineering strain.44 This thesis focuses
mainly on thermoset SMPs, but the work can be extended for thermoplastic SMPs. To
characterize the amorphous SMPs, the experimental techniques described in sec. 1.1.1 are
employed. The shape memory performance is investigated under a shape memory cycle
(Fig. 1.4). The samples are deformed at high temperature to a specified stress (strain) and
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then cooled under constant stress (strain). The samples are then unloaded at low temper-
atures. Negligible strain recovery occurs during the unloading process since the samples
are in their stiff glassy state. The samples are heated upon the transition temperature to
recover the permanent shape without constraint, which is referred to as free recovery (un-
constrained recovery).45 In contrast, fixed recovery (constrained recovery) measures the
resultant force while the strain is fixed during the recovery process.45 Other recovery con-






































Figure 1.4: Cyclic tests for characterization the shape memory behaviors
The programming temperature has a significant influence on the shape recovery be-
havior. The SMP samples programmed below Tg have been shown to recover at lower
temperatures compared to the samples programmed above Tg.48–52 During the constrained
recovery tests, the cold deformed sample exhibits a larger recovery stress with a lower tem-
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perature peak stress in comparison with a hot programmed sample.49, 53–56 In the partially
constrained experiments, the samples programmed below Tg exhibited an overshoot in the
recovered strain46, 47 while the samples programmed above Tg showed monotonic strain re-
covery. The response of shape recovery on the deformation temperatures is caused by the
broad distribution of the relaxation time, which will be discussed in Chapter 2.
Three-dimensional characterizations of SMPs have also been performed to demonstrate
applications of these materials. For example, Yakacki et al.21 demonstrated the application
of shape memory effect to deliver a cardiovascular stent in a minimally invasive manner
(Fig. 1.5).
Figure 1.5: Recovery of a SMP stent with Tmidg 52
oC delivered via an 18 Fr. catheter into a






The shape memory fixity and recovery of amorphous polymers are achieved by the
tremendous change in chain mobility through the glass transition. Above Tg, the polymer
chains have high mobility and can reach their equilibrium state upon loading or deforma-
tion. As the temperature decreases, the chains lose their mobility, representing an increase
in stiffness and viscosity. Thus, the deformed shape can be stored. To model the shape
memory response, recent thermoviscoelastic models57–61 employ a temperature dependent
viscosity or modulus to describe the chain mobility change through the glass transition.
The pioneering work of Tobushi et al.57, 62was based on a one-dimensional, small strain
viscoelastic model and assumed a temperature-dependent modulus. Morshedian et al.58
used an Arrhenius equation to describe the increase of viscosity with decreasing tempera-
ture while Buckley59 adopted a quadratic function to represent the temperature dependent
shift factor. Recently Yu et al.60 employed a hybrid function to represent the experimen-
tally measured shift factor. The authors adopted WLF equation in the glass transition region
while an Arrhenius-type function is used below Tg.
The applications of SMP devices require the development of three-dimensional, finite
deformation models that can be implemented into finite element programs to simulate the
complex programming and recovery conditions. In the past thirty years, various models
have been developed to simulate large deformation viscoelastic-plastic behaviors of amor-
phous polymers across the glass transition, including Boyce and coworkers,63–65 Buckley
and coworkers,66, 67 Govaert and coworkers,68, 69 as well as Anand and coworkers.70, 71 In
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fact, an extension of these models can be applied to simulate shape memory behaviors.72
To model SMPs, the tremendous change in chain mobility spanning the glass transition
region needs to be incorporated into the thermomechanical model. Diani et al.73 developed
the first three-dimensional finite deformation model to represent the thermomechanical be-
havior of SMPs by an extension of the three element standard solid reological model. The
model is composed of an entropy based elastic part and a time dependent viscoelastic part.
Diani et al.74 also applied the relaxation spectrum for shape memory effect by an exten-
sion on the generalized Maxwell model to the finite deformation. With the parameters
obtained from the master curve of the storage modulus from the TTS principle, the model
successfully predicted the torsion shape recovery behaviors of a rectangular beam.
As shown in Sec. 1.1.1, the glass transition is a time dependent kinetic process. As
the temperature approaches Tg, the polymer structure deviates from of the equilibrium state
and continuously evolves towards equilibrium. The structural relaxation has a pronounced
effect on mechanical properties and the shape memory response. Thus, Nguyen et al.45
incorporated both the structural relaxation and stress relaxation into the thermomechanical
model. The structural state is represented by the internal variable fictive temperature.75 The









where τR is the structural relaxation time.
By evaluating the configurational entropy at fictive temperature Tf instead of at tem-






















The viscosity was assumed to have the same temperature and structure dependency,
and also depends on the flow stress through the Eyring model.77 This model was able
to reproduce the main features of free and constrained recovery behaviors. However, the
model overestimated the free recovery rate. Nguyen et al.78 extended the model to multiple
relaxation processes by incorporating stress and structural relaxation spectra. The stress re-
laxation spectrum was obtained through the master curve of the storage modulus, while the
structural relaxation spectrum was assumed to have the same breadth as the stress relaxation
spectrum. The multiple relaxation model with the obtained parameters greatly improve the
prediction of the unconstrained recovery performance compared to the single relaxation
process model. However, the procedures for obtaining the structural relaxation spectrum
is oversimplified, resulting in an inaccurate prediction of the recovery performance of pro-
grammed specimens after long-term storage.79 In Chapter 2, an improved experimental
procedure to obtain the structural relaxation spectrum will be described. Additionally, the
model will be applied to study the effect of deformation temperature and physical aging on
the shape-memory behaviors of partially constrained and fixed-strain tests.
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1.3 Solvent-induced Shape Memory Effect of Amor-
phous Polymers
1.3.1 Experimental Observations
The athermal shape recovery of programmed SMP samples in solvent has attracted
great interest in the past several years due to its potential applications in biomedical areas80
(Fig. 1.6). Solvent-induced shape-memory recovery was first reported by Yang et al.14
The authors observed that polyurethane SMPs lost their shape fixing capability after being
exposed to the air for several days due to the moisture diffused into the polymer matrix. The
small water molecule acts as plasticizers and increases the chain mobility. The influence
of the moisture on the glass transition temperature was measured through DMA and DSC.
As shown in Fig. 1.7, the Tmidg , measured from the maximum of tan δ, decreases with
increasing exposing time. After 30 days, Tmidg is close to room temperature, resulting in
shape recovery. The uniaxial tension response of polyurethane SMP samples with different
water immersion time was also investigated by the same group (Fig. 1.8). With increasing
immersion time, the stress response transitions from a stiff viscoplastic with yielding and
strain softening to a soft viscoelastic response.
In water or humid environments, shape recovery takes hours or even days, due to the
slow diffusion process. Chen et al.15 introduced the pyridine moieties into polyurethane
and demonstrated that the resulting materials had excellent moisture absorption abilities.
16
CHAPTER 1. INTRODUCTION
Figure 1.6: Water-driven actuation of a shape-memory recovery of polyurethane SMPs
with a circular temporary shape and a linear permanent shape, reprinted with permission
from AIP81
Figure 1.7: Tan δ from DMA tests of polyurethane specimens after exposure to air for
different time, reprinted with permission from IOP82
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Figure 1.8: Uniaxial tension stress response of polyurethane specimens with different
immersion time in water reprinted with permission from Elsevier83)
The shape recovery time varies from minutes to hours with the difference in the relative
humidity, recovery temperature and the chemical compositions. Other polyurethane SMPs
with PCL and PEG were reported by Gu et al.17 , and the materials showed a recovery time
from 1.3s to 5 min with variation in the composition and material form (fibrous mats or
bulk film). In addition to water, organic solvents have also been employed to achieve shape
memory recovery.16, 84 The solvent type has a strong influence on the shape recovery with
full recovery in good solvent and partial shape recovery in a poor solvent.
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1.3.2 Theoretical Aspects of Solvent Influence on Amor-
phous Polymers
Compared with various models developed for thermally-activated shape memory effect,
few models have been developed for solvent-driven shape memory recovery. One of the
main objectives in this thesis is to develop a constitutive model for the influence of solvent
on the mechanical properties and shape recovery behaviors. Nevertheless, the introduction
of small additives (plasticizers) into the polymer matrix to lower theTg has been extensively
investigated.
Several theories have been developed to explain the plasticization effect, for example,
the lubricity theory,85 the gel theory,85 the free volume theory,86, 87 and the configurational
entropy theory.88 Here the latter two theories described in Sec. 1.1.2 will be extended to
incorporate the plasticization effect. In the free volume theory, the major assumption is that
adding the plasticizer into the polymer matrix creates new free volume. Thus the eq. (1.1)
can be modified as,




Vp + γ f (T − Tgs)(1 − Vp), (1.15)
where Vp is the volume fraction of the polymer, Tgp and Tgs are the glass transition temper-
atures of polymer and solvent, and γ f is the materials constant. By assuming that at Tg at
the free volume is constant. The Tg of the polymer and solvent system is,
Tg =
αpTgpVp + γ f (1 − Vp)Tgs




Kelley and Bueche86 showed that this approach provided good agreement with the ex-
perimentally measured concentration dependence of Tg for a variety of polymer-solvent
systems. The viscosity of the polymer-solvent systems can be calculated by substituting
eq. (1.15) into the Doolittle equation (eq. (1.2)).
The configurational entropy treatment of the plasticization effect is based on the Di-
marzio and Gibbs88 statistical mechanics theory. The central development of their theory
lies in the calculation of the configurational entropy for the polymer-solvent systems. In
general, they found an increase in volume fraction of plasticizers, and a decrease in the
plasticizer molecular size and molecular stiffness would result in a larger depression of
the Tg, which is consistent with experimental observations. Chow89 extended the work of
Dimarzio and Gibbs by developing an explicit expression for the Tg of polymer-solvent
systems. His treatment was based on both classical and statistical thermodynamics theory.
The model successfully predicted the Tg depression of polystyrene by various diluents. In
Chapter 3, this theory is extended to model the solvent-driven shape memory behaviors.
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1.4 Physical Aging and Mechanical Rejuvena-
tion of Amorphous Polymers
1.4.1 Experimental Observations
Structural relaxation occurs when polymers are cooled near or below the glass transition
temperature. The time for structural rearrangement towards the equilibrium state exceeds
the experimental time due to the decrease in chain mobility. Aging at low temperatures, the
nonequilibrium structure continuously evolves towards the equilibrium state, representing
by the time-dependent properties change, such as density, enthalpy and stiffness.75, 90–93
The more sluggish equilibrium structure also shows more resistance to the mechanical
deformation, which represents an increase in the yield strength (Fig 1.9).
Figure 1.9: Uniaxial tension stress-strain curves of PS specimens at different aging time




The aged polymer structure can regain the chain mobility through heating to a high
temperature. This process is referred to as thermally rejuvenation. In contrast, mechanical
rejuvenation increases the mobility through plastic deformation below Tg, and leads to
strain-softening and erases the previous thermal history.29, 95 As shown in Fig. 1.9 , the
flow stress of the specimens with different aging times collapses to the same curve. The
influence of mechanical rejuvenation on the thermal history can also be observed in the
enthalpy measurement.29 Figure 1.10 shows the DSC curves of quenched and annealed
polystyrene specimens after 25% uniaxial compression. The results for both quenched
and annealed specimens were nearly identical. The large plastic deformation removed the
endothermic overshoot at Tg and produced an exothermic undershoot below Tg.
























Figure 1.10: DSC scans of the quenched and annealed PS specimens after 25% compres-




The fictive (effective) temperature concept introduced by Tool has been widely em-
ployed to model the structural relaxation, and the evolution equation (1.13) for Tf proposed
by Tool shown has been widely adopted to describe the change in physical properties with
structural relaxation. Both phenomenological96, 97 and physical-based approaches42, 98 have
been developed for explicit functions of the relaxation time. These models can describe var-
ious experimental observations on enthalpy and volume relaxation behaviors. Buckley et
al.99 introduced the fictive temperature as an internal variable to model the mechanical re-









) (Tf − T ) + k ε̇ p . (1.17)
This model shows good agreement with the experimental results across a wide range of
strain rates. However the formulation of the equation is purely empirical. The nonequilib-
rium thermodynamic theories100–105 developed in the recent years provide powerful tools
to develop constitutive relations and the evolution equation for the effective temperature.
The central assumption of the nonequilibrium thermodynamic theories is that the polymer
structure is composed of a fast kinetic relaxation process and slow configurational relax-
ation processes. The kinetic relaxation process can instantaneously attains its equilibrium
state, described by thermodynamic state variables temperature and kinetic entropy. The
slow relaxation processes fall out of equilibrium near or below Tg and are described by the
effective temperature and configurational entropy. Physical aging is a consequence of the
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configurational subsystems evolving towards the equilibrium state while mechanical reju-
venation arises from the transfer of the inelastic work into the configurational subsystems.
In Chapter 4, a constitutive model is developed based on the nonequilibrium thermody-
namics framework to describe the stress-strain response and enthalpy change of specimens
with different aging time and pre-plastic deformation.
1.5 Objectives of this Work
The aim of this work is to investigate the thermomechanics of amorphous polymers
spanning the glass transition region and to demonstrate that the glass transition behaviors
can be exploited to describe the shape memory effect. The work focuses primarily on the-
ory. However, experimental techniques have also been developed to obtain model parame-
ters and to validate the models. There are three specific aims of this work: (1) to develop a
constitutive model for thermally-activated shape memory behaviors, (2) to develop a cou-
pled mechanical-diffusion model for solvent-driven shape memory effects, (3) to formulate
an effective temperature theory for physical aging and mechanical rejuvenation.
Chapter 2 describes the formation of the constitutive model for the thermally-activated
shape memory effect. The model adopted multiple discrete relaxation processes for stress
relaxation, structural relaxation and stress-activated viscous flow. Experimental methods
were developed to obtain the stress and structural relaxation spectrum, as well as viscoplas-
tic parameters. The model was applied to investigate the partially contained recovery per-
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formance of specimens programmed both above and belowTg. The model was also adopted
to simulate the deformation temperature influence on the fixed-strain recovery tests.
In Chapter 3, a constitutive model was developed for the effect of solvent absorption on
the thermomechanical properties and the shape-memory behavior of amorphous networks.
The Adam-Gibbs model was extended to incorporate the influence of solvent concentra-
tion on relaxation time. The model was implemented into finite element code. An iterative
staggered scheme was applied to couple the mechanical process and the time-dependent
diffusion process. The material parameters were obtained through diffusion tests and dy-
namic mechanical tests of dry and saturate specimens. The model was applied to study
the uniaxial tension response of the dry and saturated specimens and the isothermal shape
recovery response of rectangular and tube specimens in water of an acrylate-based copoly-
mer.
In Chapter 4, a thermomechanical theory was developed to model the nonequilibrium
behaviors of amorphous polymers. The theory introduced the effective temperature as
a thermodynamic state variable to represent the nonequilibrium structure. Based on the
nonequilibrium thermodynamic framework, the effective temperature was coupled with the
inelastic work. The theory was applied to study the effect of temperature, strain rate, aging
time and plastic pre-deformation on the uniaxial stress response and enthalpy change of an
acrylate-based polymer.
To conclude, Chapter 5 first summarizes the key results and main contributions of this
work. Based on the results of the thesis, it will demonstrate how to exploit the glass transi-
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tion behaviors to achieve specific shape memory behaviors. The limitations of the work is
also discussed. The chapter ends with a discussion of future research directions.
The appendix contains the information on experimental analysis and finite element im-
plementation. Appendix A describes a detailed procedure of obtaining the broad viscoelas-
tic spectrum through time-temperature superposition of the stress relaxation tests. The
method shows the ability to accurately obtain the discrete relaxation spectrum of Nafion
spanning 24 decades of log time. The spectrum is then employed by a simple finite defor-
mation model to simulate the temperature memory effect and multiple shape memory effect
of Nafion. Appendix B includes the ongoing work of implementing the thermomechanical
coupled model developed in Chapter 4 into a finite element program. This part provides
the general procedures to implement a user-defined element subroutine into a finite ele-
ment program. It starts with the strong form of the balance of momentum and balance of
energy. It then describes the detailed steps to obtain the weak form and matrix form. The
coupled fields are solved using a Newton Raphson method. The explicit function of the
element-level residuals and the tangent modulus are also provided.
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Modeling the Thermally Activated
Shape-Memory Behavior
This chapter has been reprinted from R. Xiao, J. Choi, N. Lakhera, C. Yakacki, C. Frick,
and T. Nguyen, “Modeling the glass transition of amorphous networks for shape-memory
behavior ", Journal of the Mechanics and Physics of Solids, Vol. 161, Pages 1612-1635,
2013, with permission from Elsevier.106
In this chapter, a thermomechanical constitutive model was developed for the time-
dependent behaviors of the glass transition of amorphous networks. The model used mul-
tiple discrete relaxation processes to describe the distribution of relaxation times for stress
relaxation, structural relaxation, and stress-activated viscous flow. A non-equilibrium ther-
modynamic framework based on the fictive temperature was introduced to demonstrate
the thermodynamic consistency of the constitutive theory. Experimental and theoretical
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methods were developed to determine the parameters describing the distribution of stress
and structural relaxation times and the dependence of the relaxation times on temperature,
structure, and driving stress. The model was applied to study the effects of deformation
temperatures and physical aging on the shape-memory behavior of amorphous networks.
The model was able to reproduce important features of the partially-constrained recovery
response observed in experiments. Specifically, the model demonstrated a strain-recovery
overshoot for cases programmed below Tg and subjected to a constant mechanical load.
This phenomenon was not observed for materials programmed above Tg. Physical ag-
ing, in which the material was annealed for an extended period of time below Tg, shifted
the activation of strain recovery to higher temperatures and increased significantly the ini-
tial recovery rate. For fixed-strain recovery, the model showed a larger overshoot in the
stress response for cases programmed below Tg, which was consistent with previous exper-
imental observations. Altogether, this chapter demonstrates how an understanding of the
time-dependent behaviors of the glass transition can be used to tailor the temperature and
deformation history of the shape-memory programming process to achieve more complex
shape recovery pathways, faster recovery responses, and larger activation stresses.
2.1 Introduction
Shape-memory behavior in polymers describes the ability to store a programmed shape
indefinitely and fully recover to an original shape in response to an environmental trigger.
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Shape-memory polymers (SMPs) are classified by their structure and triggering mecha-
nisms, and numerous review articles have described the structure, functional capabilities,
and potential applications of a wide variety of SMP materials and composites.2, 5, 107–109
The materials are attractive for medical applications because they can be designed for bio-
compatibility, biodegradability, and controlled drug delivery. Moreover, they can store and
recover large deformation, which is desirable for deployable and morphing structures.110
For amorphous networks, shape-memory behavior is realized by programming around
the glass transition temperature, Tg.1, 107, 111 In a typical shape-memory cycle, the material
is heated above Tg, deformed to the desired shape, then cooled rapidly below the Tg to fix
the programmed shape for indefinite storage. This shape-memory programming process
is a hot deformation process, similar to hot-drawing and hot-embossing, that takes advan-
tage of the large change in the material stiffness through the glass transition to apply large
deformations at low stresses. Alternatively, the material can be deformed in the glassy
state below Tg to achieve the programmed shape. The cold deformation process obviates
the temperature cycle for materials with a Tg above room temperature, and can provide
significant time and cost savings.
Studies of the unconstrained recovery response of materials programmed below Tg have
shown little qualitative difference with those programmed above Tg, though the recovery
temperature was generally lower for cold deformed specimens.48–52 For fixed-strain recov-
ery response, the cold compression cases exhibited a larger stress overshoot compared to
cases programmed at higher temperatures.49, 53, 54, 56 The recent study of Lakhera et al.46
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reported significant differences in the strain recovery response under a constraining stress.
Those programmed above Tg recovered monotonically from the programmed strain to the
equilibrium strain determined by the constraining stress and rubbery modulus. Materials
programmed below Tg exhibited an overshoot in the recovered strain that paradoxically in-
creased with the constraining stress. The overshoot in strain recovery may be an important
factor in designing the fit and tolerance of deployable structures and actuators.
The objective of this study is to develop a constitutive model for amorphous SMPs
to investigate the mechanisms underlying the recovery response under various mechan-
ical constraints as well as the dependence of the recovery response on the temperature
and deformation history of the programming process. Modeling the shape-memory effect
of amorphous networks requires modeling the temperature-dependent and time-dependent
behaviors of the glass transition. Several approaches have been proposed for modeling the
glass transition behaviors of amorphous SMPs45, 72, 78, 112–115 and more generally of amor-
phous polymers.65–67, 116 Our focus has been to develop a thermoviscoelastic approach that
described the change in the relaxation behaviors with temperature, structure, and driving
stress. Our earliest effort45 used a single relaxation process to represent the stress and
structural relaxation mechanisms of the glass transition. We assumed that the stress and
structural relaxation times share the same temperature and structure dependence described
by the nonlinear Adam-Gibbs relation.39 Yielding and viscoplastic flow of the glassy mate-
rial below Tg was described by a single stress-activated Eyring process.77 Including struc-
tural relaxation allowed the model to accurately predict the stress-temperature response in
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fixed-strain recovery experiments; however, it severely underestimated the recovery time
measured in unconstrained recovery experiments. Chen and Nguyen117 showed that the
recovery rate in unconstrained recovery is primarily determined by the viscoelastic prop-
erties which cannot be adequately described by a single relaxation process. To address
the deficiencies of the single-process model, Nguyen et al.78 introduced an extension that
incorporated multiple stress and structural relaxation processes. The multi-process model
provided improved predictions for the recovery time, which demonstrated the importance
of viscoelasticity to the unconstrained shape recovery response; however, it did not describe
yielding in the stress response and could not be applied to study the effect of deformation
processing below Tg. Li and Xu52 developed a model to investigate the unconstrained re-
covery response of amorphous SMPs programmed by cold compression that employed a
continuous structural relaxation spectrum but only a single process to describe viscous flow.
In this paper, we extend the multi-process model of Nguyen et al.78 to include stress-
activated viscous flow and yielding below Tg and introduce a thermodynamic framework
for a fully coupled thermomechanical theory. In general, there are two approaches for
applying multiple stress-activated flow processes to model yielding in glassy polymers.
Tervoort et al.118 and coworkers used a coupled formulation, in which all of the flow pro-
cesses depended on a single activation stress, while Dooling and Buckley119 and coworkers
proposed a decoupled formulation that assumed a discrete spectrum of activation stresses
corresponding to the spectrum of relaxation times. We adopt the coupled formulation with
a single activation stress for its economy and show that this is sufficient to accurately pre-
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dict the rate-dependent and temperature-dependent yield and post-yield behavior through
the glass transition. A challenge in modeling multiple relaxation processes is determining
the parameters of the stress and structural relaxation spectrum. For the structural relaxation
spectrum, we present an isothermal recovery test that measures the time-dependent ther-
mal contraction response to successive rapid temperature decreases in the glass transition
region, and apply the method of reduced variables to shift the time-dependent response of
each temperature step to construct a master curve for the structural relaxation function. We
then show that the shift factor measured for the stress relaxation function can be used to de-
termine the shift factor for the structural relaxation function, which validates the modeling
assumption that the structural and stress relaxation behavior of the polymer networks share
the same temperature dependence. Lastly, we apply the model to study the fixed-strain and
partially constrained recovery response of specimens programmed below and above Tg.
In particular, we examine the importance of the stress relaxation spectrum in determining
the strain overshoot during partially constrained recovery and the stress overshoot during
fixed-strain recovery for materials deformed below Tg.
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2.2 Experimental Methods
2.2.1 Materials and Specimen Preparations
Tert-butyl acrylate (tBA) poly(ethylene glycol) dimethacrylate (PEGDMA), with typ-
ical molecular weight Mn = 550, di(ethylene glycol) dimethacrylate (DEGDMA) , and
photoinitiator 2,2-dimethoxy-2-phenylacetophenone (DMPA) were ordered from Sigma
Aldrich and used in their as-received condition. A crosslinker solution (XLS) was syn-
thesized by mixing 30 wt % DEGDMA with 70 wt% PEGDMA. Comonomer solutions
were prepared by mixing 10, 20, and 40 wt% XLS with the tBA monomer solution to cre-
ate three networks of equal Tg and varying crosslinking density once polymerized. The
photoinitiator, 2,2-dimethoxy-2-phenylacetophenone, was added to the comonomer solu-
tion at a concentration of 0.1 wt% of the total comonomer weight and mixed manually until
fully dissolved. The polymer solution was injected between two glass slides separated by
a 1 mm spacer to create film specimens for tensile tests or into cylindrical polyethylene
molds for compression tests. Polymerization was achieved by exposing the mixture to UV
light (Blak Ray B100 A/R) for 15 minutes. For the cylindrically molded specimens, the
solution was submerged in ice water to slow the rate of polymerization and avoid cracking
in the molds. Following UV curing, all polymer specimens were thermally cured in an oven
at 90 oC for one hour to ensure complete polymerization. The films specimens were cut to
dimensions 1.0 mm x 5.0 mm x 25.0 mm using a laser cutter. The cylindrical specimens
were machined to 10 mm in diameter. These were cut to 15 mm in length and sanded to
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provide smooth surfaces for uniaxial compression tests.
2.2.2 Thermomechanical Experiments
The thermomechanical properties of unprogrammed tBA-co-XLS materials were char-
acterized using four sets of experiments. Constant cooling rate tests were performed to
determine the volumetric coefficients of thermal expansion (CTE) and the Tg at a refer-
ence cooling rate. The frequency-dependence of the storage modulus was measured using
dynamic frequency sweep at multiple temperatures, and the results were shifted in the
frequency domain using the time-temperature superposition principle to construct the mas-
ter curve of the stress relaxation function and determine the temperature dependence of
characteristic relaxation time. To characterize the structural relaxation response, we de-
veloped an isothermal recovery test that measured the time-dependent volumetric thermal
contraction response to a series of rapid temperature decreases and applied the method
of reduced variables to construct a master curve for structural relaxation function. The
temperature-dependent and rate-dependent yield strength was measured using isothermal
uniaxial compression experiments.
2.2.2.1 Coefficients of Thermal Expansion
To determine the volumetric CTEs at a reference glass transition temperature T refg , con-
stant cooling rate tests were performed on the film specimens under uniaxial tension using
a TA Q800 Dynamic Mechanical Analyzer (DMA) set to zero force mode. The specimens
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were equilibrated at 110 oC and cooled to 0 oC at 1 oC /min. The experiments measured the
thermal contraction in length, defined as the change in length over the original length, as a
function of temperature. The rubbery volumetric CTE, αr, was determined as 3 times the
slope of thermal strain-temperature curve between 80 oC and 100 oC, and the glassy CTE,
αg, was determined as 3 times the slope of the curve between 0 oC and 20 oC. The glass
transition temperature, T refg , for the cooling rate 1
oC /min was determined from the inter-
section of the glassy and rubbery CTE lines. The glass transition measured in a CTE test
corresponds to the onset glass transition temperature measured in a dynamic temperature
sweep test at fixed frequency.78
2.2.2.2 Dynamic Frequency Sweep Tests at Different Temperatures
The viscoelastic properties of polymers in the glass transition region strongly depend
on the temperature at which they are measured. The time temperature superposition (TTS)
principle describes the simple relationship between time/frequency and temperature for the
viscoelastic behavior of thermorheologically simple materials. The TTS principle states
that the shape of the frequency response function does not change with temperature. The
frequency-dependent storage modulus, G(w), measured at two temperatures, T and T0, are
related by a horizontal logarithmic shift along the frequency axis as follows,
G(logω,T ) = G(logω + logaT(T ), T0) (2.1)
where aT(T ) is the temperature-dependent shift factor measured from the reference tem-
perature T0. The temperature dependence of the shift factor was described using Williams
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Landel Ferry (WLF) equation [27, Chapter 11],
log aT =
−C01(T − T0)
C02 + T − T0
(2.2)
where C01 and C
0
2 are the WLF constants at the reference temperature T0.
Dynamic frequency sweep tests were performed on the film specimens using the DMA
in multifrequency mode. The polymer film specimens were heated from 0 oC to 120 oC in
5◦C increments. The specimens were annealed at each test temperature for 5 minutes to
allow for complete heat conduction through the sample, then subjected to a 0.2% dynamic
strain at 0.32 Hz, 1.0 Hz, 3.2 Hz, 10.0 Hz, and 31.6 Hz. The storage modulus as a function
of frequency was measured at each temperature then shifted to a reference temperature,
T0 = 75oC, using the method described in Ferry.27 This procedure provided a master curve
for G (ω,T0), which was used to determine the parameters of the viscoelastic relaxation
spectrum and the temperature-dependence of aT (T ). To determine the WLF constants,
(T − T0)/ log aT was plotted as a function of T − T0 and a line was fitted to data between
40◦C and 80◦C. These temperatures corresponded to the onset of the glassy and rubbery
plateaus for the frequency range of the experiments. From eq. (2.2), the WLF constants








Finally, the WLF constants for T0 was shifted to T refg to give,
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Structural relaxation describes the time-dependent process in which an amorphous ma-
terial in a nonequilibrium configuration evolves towards equilibrium. The mechanical ef-
fects of structural relaxation can be observed in isothermal volume recovery tests, where
a material in equilibrium is subjected to an instantaneous temperature change ∆T . The
temperature jump induces a time-dependent volumetric deformation from an instantaneous
value, ∆0 = αg∆T , to an equilibrium value, ∆∞ = αr∆T . Structural relaxation in polymers
occurs too slowly at low temperatures, T  Tg, to be measured completely in a single
experiment and too quickly for T  Tg to be measured reliably using the DMA. Thus, we
developed the test described below to measure the non-equilibrium volumetric deforma-
tion, δ (t ,T ), for consecutive rapid temperature decreases in the glass transition region then
shifted the results in logarithmic time to form a master curve for the structural relaxation
function at T refg .
The DMA was set to zero-force mode to measure the length change of the film speci-
mens in response to a rapid change in temperature. Samples were equilibrated at T = 70◦C
for 30 minutes then cooled either to T refg + 8
oC or T refg + 6
oC at 1◦C/min and equilibrated
for 60 minutes. The specimens were subjected to subsequent temperature decrements of
4oC at 6◦C/min and held for 60 minutes at each temperature step until either T refg − 8
oC or
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T refg − 10
oC was reached. The total volumetric deformation, ∆ (t ,T ), was approximated as
three times the linear thermal contraction of the film measured from the beginning of the
test, at either to T refg + 8
oC or T refg + 6
oC, and the nonequilibrium volumetric deformation
for the nth step was calculated as,





n−1 < t ≤ t
−
n . (2.5)
In the following developments, we assumed the cooling rate of each temperature step was
sufficiently fast such that it can be be neglected and δ (t ,Tn) in eq. (2.5) represents the
nonequilibrium volumetric deformation resulting from n instantaneous temperature jumps.
For thermorheologically simple materials, the structural relaxation function, ρ, mea-
sured at different temperatures superpose when plotted as a function of reduced time,120




a (T , δ (t ,T ))
, (2.6)
where a (T , δ) is the time-dependent and structure-dependent shift factor. The nonlinear
Adam-Gibbs equation39, 42, 45, 121 was used to describe the shift factor for T refg as the refer-
ence temperature,




















 , Tf (δ) = T + δ∆α , (2.7)
whereCg1 andC
g
2 are the WLF constant determined from the dynamic frequency sweep tests
for the storage modulus, Tf is the fictive temperature,122 and ∆α = αr −αg. At equilibrium,
when δ = 0, the shift factor a (T , δ) reduces to the WLF shift factor aT (T ). In the test,
the thermal deformations may not reach equilibrium at the end of each temperature step,
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particularly for the lower temperatures, and the residual nonequilibrium deformations from
prior temperature steps may contribute to the response function at the current temperature
step. Neglecting the effect of the finite cooling rate, the total nonequilibrium deformation
after n consecutive temperature steps ∆T can be evaluated from the response function as,





u (t ,Tn) − u j−1
)







is the reduced time in eq. (2.6) evaluated at temperature Tj and time t j
at the end of the jth hold period, and u0 = 0 for j = 1. The nonequibrium volumetric






un−1 − u j−1
)
. (2.9)
Subtracting eq. (2.9) from eq. (2.8), gives:












un−1 − u j−1
)]
, t+n−1 < t ≤ t
−
n , (2.10)
where the summation describes the evolution of the non-equilibrated deformations from
prior temperature steps. Assuming that the non-equilibrated strain at the end of hold period
does not evolve signiï£¡cantly further towards equilibrium for the duration of the test the
structural relaxation relaxation function for each hold period can be calculated from the
measured nonequilibrium volumetric deformation as,
ρ (u − un−1) =
1
∆α∆Tn
(δ (u) − δ(un−1)) , un−1 < u ≤ un . (2.11)
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This assumption is reasonable because the relaxation time increases with decreasing
temperature and structure δ. Neglecting the evolution of the residual nonequilibrium de-
formation of prior steps led to a maximum error of 3% for the temperature range and hold
period of the test for all three materials.
2.2.2.4 Isothermal Uniaxial Compression Experiment
The isothermal uniaxial compression experiments were performed on the cylindrical
specimens using the MTS 810 equipped with an Eurotherm 2404 temperature controller.
The specimens were subjected to a heat treatment immediately prior to testing to remove
the effects of physical aging. Specifically, the specimens were heated in the environmental
chamber from room temperature to 80 oC, equilibrated for 20 minutes, cooled to the test
temperatures at 3 oC/min, and held for 20 min to ensure complete heat conduction through
the specimen. The specimens were compressed to 30% engineering strain at 3 strain rates,
0.003/s, 0.01/s, and 0.03/s, to measure the yield and post-yield softening response. The
experiments were performed at 10 oC, 25 oC, 40 oC, 55 oC and 70 oC, which corresponded
to a temperature range of T refg ± 30
◦C.
2.2.3 Partially Constrained Recovery Experiment
The partially constrained recovery experiments were performed on the cylindrical spec-
imens using an MTS Mini Bionix II equipped with an MTS 651 environmental chamber
and MTS LX 500 laser extensometer.46 Samples were either heated to 70 oC (above Tg)
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or cooled to 20 oC (below Tg) and held for 20 minutes to ensure complete heat conduc-
tion through the specimens. The specimens were compressed to 30% engineering strain
at a slow strain rate of 10−3s−1 and allowed to relax for 20 minutes. Following stress re-
laxation, the specimens were cooled to 0oC without removing the compression platens at
a rate of 5oC /min and held isothermally for about 10 minutes. The stress decreased to
zero during annealing, which indicated that the specimens detached from the platens. A
constraining stress, which corresponded to a fraction of the engineering stress required to
deform the specimens to 30% at 70◦C, was applied, and the specimens were heated to
100oC at 2 oC /min. The same constraining stress was applied to specimens programmed
above and below Tg. The strain recovered under the constraining stress was measured as a
function of temperature.
2.3 Constitutive Model
The following presents a constitutive model for amorphous polymers near the glass
transition, that integrates the time-dependent mechanisms of viscoelasticity, structural re-
laxation, and stress-activated yield and post-yield flow. The theoretical foundation and de-
velopment of the thermoviscoelastic model was described in detail in Nguyen et al.45 and
Nguyen et al.78 Here, we summarize the constitutive relations and develop an extension
that uses discrete distributions of relaxation processes to describe the three time-dependent
mechanisms. Finally, we introduce a thermodynamic framework for a fully coupled ther-
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momechanical theory.
Consider a body with an undeformed configuration initially in thermodynamic equi-
librium at time ti and temperature Ti . The deformation gradient F maps lines in the un-
deformed configuration to the deformed configuration at time t and temperature T . We
assume that the deformation gradient can be decomposed multiplicatively into an isotropic
thermal component FT = J1/3T 1 and a mechanical component FM,
123, 124
F = J1/3T FM, (2.12)
A polymer network responds to a temperature change by first undergoing an instantaneous
volume change followed by a slower relaxation towards an equilibrium volume through
configurational rearrangements. The configurational entropy decreases with temperature
and vanishes entirely at the equilibrium temperature T2 of the ideal glass;34 however the
equilibrium structure atT2 cannot be realized because the molecular mobility also decreases
with temperature and the configurational entropy.39 This causes the polymer structure to
become kinetically trapped in a quasi-equilibrium state at a fictive temperature Tf > T
during cooling. To model this structural relaxation process, we decompose the thermal
deformation into an instantaneous part given by (T − Ti) and a departure from the instanta-














)]︸            ︷︷            ︸
δ̄
, (2.13)
where αg is the glassy volumetric CTE, αr is the rubbery volumetric CTE, and ∆α =
42
CHAPTER 2. MODELING THE THERMALLY ACTIVATED SHAPE-MEMORY
BEHAVIOR
αr − αg. For polymers, structural relaxation is characterized by a broad spectrum of relax-
ation times, and previous works showed that this feature is needed to capture the activation
temperature and recovery rate of unconstrained shape recovery.78, 117 We assume that the
distribution of relaxation times can be attributed to different molecular substructures. Fur-
thermore, the relaxation mechanisms of the substructures are weakly coupled, such that
the substructures can be considered to be in quasi-equilibrium at different fictive tempera-
tures Tfk . The fictive temperature of each substructure is associated with a partial thermal






where ∆αk are the partial volumetric CTEs. The partial deformations sum to the total depar-
ture from the instantaneous response,
∑P
k=1 δ̄k = δ̄; thus
∑P
k=1 ∆αk = ∆α. A generalization








) (Tfk − T ) , Tfk (0) = Ti , (2.15)
where τRk is the structural relaxation time of the kth relaxation process. We assume the
relaxation times depend on the temperature and the overall network structure through Tf
rather than Tfk of the substructures, which causes eq. (2.15) to be a coupled system of
differential equations. The evolution equation can be written in terms of the partial defor-








) (δ̄k − ∆αk (T − Ti)) , δ̄k (0) = 0, (2.16)
which is equivalent to the KAHR model120 for isobaric volume recovery of glasses. The
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nonlinear Adam-Gibbs model39, 42, 45, 98, 121 is adopted here to describe the structural relax-
ation time in terms of WLF constants and glass transition temperature,




















and ∆αk together characterize the discrete structural relaxation spec-
trum.
To model viscoelastic behavior, the mechanical deformation gradient FM is decom-
posed further multiplicatively into N parallel elastic and viscous parts,
FM = FekF
v
k , f or k = 1...N , (2.18)
where each Fv
k
maps to a stress-free intermediate configuration. We assume that the stress
response of an amorphous network arises from two primary mechanisms: the decrease in
the configurational entropy with deformation and the increase in internal energy from lo-
cal intermolecular interactions. The entropic mechanism dominates at high temperatures,
where the chains can quickly rearrange to an equilibrium configuration in response to de-
formation. At low temperatures, the vanishing molecular mobility prevents configurational
rearrangements, and the local intermolecular interactions become important. To describe
the interaction of these mechanisms, the Cauchy stress response is decomposed additively
into an equilibrium deviatoric component, N nonequilibrium deviatoric components, and a
corresponding volumetric component:
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k︸  ︷︷  ︸
sneq
+ p (2.19)























where bM = J−2/3M bM, JM = det [FM], and IM1 = bM : 1. The L (u) = coth u − u
−1 is the
Langevin function, λeff =
√
1
3 IM1 is the effective chain stretch of the network, and λL is
the locking stretch. The parameter µN describes the characteristic stiffness of the polymer
network measured at T0. At thermodynamic equilibrium, Tf = T and the rubbery shear










































k : 1. The shear modulus of the unde-










κ(J2M − 1), (2.22)
where κ is the bulk modulus in the undeformed configuration. The evolution of the internal
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where υSk is the shear viscosity. The Lie derivative
128 of the left elastic deformation tensor,

















, to the deformation configuration. As shown in Sec. 2.3.1, the
Lie derivative is the thermodynamic conjugate of the nonequilibrium stress response sneq
k
.
We assume that the viscosities describing the resistance to viscous flow and the struc-
tural relaxation times share the same dependence on temperature and structure. The vis-
cosities also depend on the total flow stress s =
√
1
2sneq : sneq of the network as follows to
model stress-activated viscous flow,77





Cg2 (T − Tf) + T (Tf − T refg )












where υgSk is the viscosity at the glass transition temperature, sy is the activation stress, and
QS is activation parameter. A characteristic stress relaxation time can be defined for the
flow rule in eq. (2.23) as τgSk = υSk/µ
neq
k




applied to characterize the stress relaxation spectrum.
To model the post-yield softening phenomena, we further assume that the activation







γ̇v, sy(0) = sy0 (2.25)
where syss is steady state yield strength and h is a softening modulus. The flow rule in eq.
(2.23) for each process can be rewritten in terms of the viscous strain rate by defining a























T ,Tf , s
) , (2.26)
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Cg2 (T − Tf) + T (Tf − T refg )




 [sinh (QssT sy
)]
(2.27)
where υgS > 0 signifies a characteristic effect shear viscosity at Tg. Substituting eq. (2.27)










Cg2 (T − Tf) + T (Tf − T refg )




 [sinh (QssT sy
)]
, sy(0) = sy0
(2.28)
where τy = υ
g
S/h is a characteristic time constant describing the rate of softening. The
constitutive relations of the thermoviscoelastic model are summarized in Table 2.1.
2.3.1 Nonequilibrium Thermodynamic Framework
The constitutive relations for the stress and thermal deformation response have been de-
veloped based on considerations of energy and entropy, but the formulation thus far lacks
a continuum thermodynamic framework. A thermodynamic theory is needed to determine
the thermodynamic requirements of the constitutive relations and to develop a coupled ther-
momechanical theory for thermally activated shape recovery with heat conduction. The de-
velopment of nonequilibrium thermodynamic theories for material systems driven far from
equilibrium remains an open area of research with many unresolved issues. Recent devel-
opments for glassy material systems include Nieuwenhuizen,100 Ottinger,103 Bouchbinder
and Langer,129 Moller et al.130 and Lion et al.116 Nieuwenhuizen100 developed a nonequi-
librium theory based on the fictive temperature concept of Tool.122 The theory considered
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for k = 1...N .
Thermal deformation response:
JT (T , δneq) = exp
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 (bM − 13 IM11
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sy, sy (t = 0) = sy0
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the fictive temperature and configurational entropy as thermodynamic conjugate variables
that describes the process during rapid cooling in which the polymer structure becomes
kinetically trapped in a quasi-equilibrium state characterized by the equilibrium properties
at a higher effective temperature. In the following, we extend the thermodynamic theory of
Nieuwenhuizen100 to include the effects of viscoelasticity and multiple stress and structural
relaxation processes. The structural relaxation processes are assumed to be weakly coupled
to each other and are entirely separate from the viscoelastic relaxation processes. Each is
characterized by different relaxation times and are assumed to be in quasi-equilibrium at a
different fictive temperatures Tfk . A key assumption of the thermodynamic theory is that
response of a glass-forming material to a temperature change can be separated into fast
and slow relaxation processes. The time-scales of the fast and slow processes diverge with
decreasing temperature, such that below the glass transition temperature, the fast processes
continue to equilibrate at T while the slow configurational processes become kinetically
trapped in quasi-equilibrium at the fictive temperatures Tfk . Following these assumptions,
the entropy η of the glass-forming system can be partitioned into components ηe for the
fast processes and ηc
k
for the slow configurational processes,




We assume that Tfk and η
c
k
are thermodynamic conjugates in addition to T and ηe. As such,
the Helmholtz free energy density is given by,
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where e is the total internal energy. At equilibrium, Tfk = T and eq. (2.30) reverts to the fa-
miliar relationΨ = e−Tη of equilibrium thermodynamics. The constitutive relations can be
developed by considering the Clausius-Planck entropy inequality for a thermomechanical
system,
T η̇ − ė + S :
1
2
Ċ ≥ 0. (2.31)
Substituting eq. (2.30) into eq. (2.31) for the internal energy density yields the following















η̇ck ≥ 0, (2.32)
The last term in eq. (2.32) represent the internal dissipation caused by structural re-
laxation to an equilibrium configuration. To model the viscoelastic response of amorphous
networks to deformation, we assume that the free energy density can be expressed in terms























































































η̇ck ≥ 0, (2.34)
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= 0 and Tfk = T , which cause the last line in eq. (2.34) to vanish.
Requiring that internal rate of dissipation equal zero at equilibrium for an arbitrary defor-



















































and the volumetric model, U (JM ) = κ4
(
J2M − 2 log JM − 1
)
, to eq. (2.36) returns the stress
relations in Eqs. (2.20)-(2.22). Substituting eq. (2.36) into eq. (2.34) gives the total












η̇ck ≥ 0. (2.37)
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k ≥ 0. (2.39)
This criteria is satisfied by the viscous flow relation in eq. (2.23) given that the viscosity
functions are always positive υSk > 0. To determine the thermodynamic restrictions on the

































. Substituting eq. (2.40) into eq. (2.38) and





Ṫfk ≥ 0. (2.41)




structural relaxation times τRk .
The governing equation for the temperature field T (X, t) can be derived from the bal-




S : Ċ − ∇X ·Q (2.42)
The rate of internal energy can be determined by applying eq. (2.30) for the Helmholtz free
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: Lvk − ∇X ·Q, (2.44)
where η̇c
k
is given in eq. (2.40). The rate of entropy change associated with the fast relax-
ation processes, η̇e, can be evaluated to give,
η̇e =
(


























: Lvk . (2.46)
The governing equation for the temperature describes the effects of internal heating from
viscous dissipation, external heat conduction with the environment, and internal heat con-
duction between the material subsystems associated with the fast and slow relaxation pro-
cesses.
2.3.2 Parameter Determination
Table 2.2 lists the model parameters and their significance. This section describe the
methods for determining the parameters of the discrete stress relaxation spectrum and struc-
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tural relaxation spectrum, and parameters describing yielding and post-yield softening in
the stress response.





of the discrete stress relaxation spectrum can be deter-
mined from dynamic frequency sweep tests using the method proposed by Haupt et al.131
The method constructs a substitute fractional damping viscoelastic model to fit the master
curve of frequency dependency on the storage modulus. The fractional damping model fea-
tures a continuous relaxation spectrum characterized by 2 parameters compared to the 2N
parameters of the discrete model; thus it is significantly more efficient and efficacious to fit
the substitute model to experimental data than the discrete model. The parameters of the
discrete model are determined by constructing a discrete approximation of the cumulative
relaxation spectrum of the continuous fractional damping model.
To establish a correspondence with the substitute model, the thermoviscoelastic model
was first linearized for the case of small strains and structural equilibrium, where Tf = T .78


























is the difference of the glassy
and rubbery moduli. The parameters µeq and µneq can be calculated from the tensile storage
modulus at the rubbery and glassy plateau as µeq = Er/(2(1 + υr)), µneq = Eg/(2(1 +
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υg)) assuming the rubbery Poisson’s ratio of υr = 0.5 and glassy Poisson’s ratio of υg =
0.35. The substitute fractional damping model is described in detail in Haupt et al.131 The
frequency-dependent storage and loss moduli for the substitute model can be written as,
G′frac(ω) = µ
eq +
µneq((ωξ)2α + (ωξ)α cos(απ/2)




1 + (ωξ)2α + (ωξ)α cos(απ/2)
(2.48)
where ξ is the characteristic relaxation time and 0 ≤ α ≤ 1 is the fractional order denot-
ing the frequency span of the relaxation spectrum. The relaxation frequency spectrum
hfrac for the substitute model can be evaluated analytically from the complex modulus
Gfrac (iω) = G′frac (ω) + iG
′′
frac (ω) by taking the inverse Stieltjes transform of Gfrac (iω) /iω.
The cumulative relaxation spectrum, defined as H(ν) =
∫ ν
0 h(u)du, of the linearized model


























where 〈〉1 denotes a step function. To determine the parameters of Hdisc(ν) we defined a






 k−1N−1 . (2.50)
These can be shifted to the reference glass transition temperature using the WLF equations






















can be determined for the frequency distribution in Eq. (2.50) by





























The frequency range, ν0min ≥ ν
0
k
≥ ν0max, and number of relaxation processes N can be
chosen within the guidelines provided by Haupt et al.131 to provide a smooth reconstruction
of the master curve of the storage modulus.
2.3.2.2 Structural Relaxation Spectrum
We developed a similar method to determine the parameters of the discrete structural
relaxation spectrum in the time domain. The method constructs a substitute Kohlrausch-
Williams-Watts (KWW) model132, 133 for the reduced structural relaxation function ρ (u)
and fit the parameters of the substitute model to the master curve for the dependence of the
relaxation function on the reduced time u,




where χ represents the characteristic structural relaxation time and 0 < β ≤ 1 denotes the
time span of the relaxation function. The relaxation spectrum can be evaluated by taking
the inverse Laplace transform of ρKWW (u) and can be expressed as infinite series,134
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where 〈〉0 denotes the Dirac Delta function. To determine the parameters of the discrete











The parameters ∆αk of the discrete spectrum can be determine by approximating cumula-
tive structural relaxation spectrum H (τ) =
∫ τ








(HKWW (τk+1) − HKWW (τk−1)) , 1 < k < P − 1,





The range of relaxation times, τmin ≤ τ
g
Sk
≤ τmax, and number of relaxation processes,
P, are selected to provide a smooth reconstruction of the master curve of the relaxation
function.
2.3.2.3 Viscous Flow Parameters
The parameter Qs/sy0 in the flow equations (2.24)-(2.28) describes the dependance of
yield strength on temperature and strain rate, while syss/sy0 is the ratio of the steady-state
and initial yield stress, and τy describes the characteristic time scale of post-yield stress
softening. The parameters can be determined from uniaxial compression tests. At the yield
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point, the equivalent viscous strain rate and yield strength were estimated as γ̇v = γ̇ and
sy = sy0. Assuming significant viscous flow occurs at the yield stress (i.e., Qss/(Tsy0) >
1), a relationship between the effective strain rate and yield stress of the network can be







T − T refg
T




where Tf ≈ T refg for temperatures well below the glass transition temperature. Taking the
logarithm of both sides gives the following linear relationship between the log strain rate









where C is a temperature dependent constant. The deviatoric flow stress and flow strain
rate can be calculated from the yield stress and strain rate of the uniaxial compression tests
as, s = σ/
√
3 and γ̇ =
√
3ε̇ . Equation (2.59) provides an initial estimate for Qs/sy0, which
can be applied in numerical simulations of isothermal uniaxial compression to iterate for
Qs/sy0, syss/sy0 , and τy.
2.4 Results and Discussion
2.4.1 Thermomechanical Response
Table 2.2 lists the model parameters determined for tBA-co-XLS networks prepared
with 10 wt%, 20 wt%, and 40 wt% crosslinking agents. Figure 2.1 shows the dynamic fre-
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Table 2.2: Parameters of the generalized thermoviscoelastic constitutive model for amor-
phous SMPs.
Parameter 10wt 20wt 40wt Physical significance
T refg (
oC) 36 38 40 glass transition temperature for qcool = 1oC/min.
αr(10−4/o C) 6.9 6.3 6.0 rubbery coefficient of volumetric thermal expansion.
αg(10−4/o C) 2.34 2.4 2.70 glassy coefficient of volumetric thermal expansion.
ξ(10−6s) 1.0 2.0 3.0 stress relaxation time at T = T ref.
α 0.7 0.7 0.62 stress relaxation spectrum breadth
χ(s) 900 600 200 structural relaxation time at T = T refg .
β 0.38 0.38 0.35 structural relaxation spectrum breadth
C1 13.76 13.63 16.21 first WLF constant.
C2 (oC) 32.46 33.75 49.50 second WLF constant.
µN (MPa) 0.533 1.166 3.43 shear modulus of equilibrium polymer network.
λL 4 4 4 limiting chain stretch of equilibrium network.
κ (MPa) 1667 1667 1667 bulk modulus.
µneq (MPa) 555.6 555.6 555.6 non-equilibrium shear modulus of glassy material.
QS/sy0(
oK/MPa) 110 127 135 activation parameter for viscous flow.
syss/sy0 0.49 0.53 0.57 ratio of initial to steady-state yield strength.
τy 3200 3200 2000 characteristic yield time
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quency sweep test results at different temperatures. The measurements at each temperature
were shifted along the frequency axis to construct the master curve for the storage modulus
at T0 = 75◦C. The parameters of the fractional damping model, α and ξ , were fit to the
master curve according to the method described in Sec. 2.3.2.1, and applied to determine
the parameters, µneq
k
, of the discrete relaxation spectrum using eq. (2.52) for a power-law
distribution of relaxation frequencies 1 ≤ ν0
k
≤ 109 (eq. (2.50)) for N = 20 processes. This
range in ν0
k
corresponds to 4.8 × 10−3 ≤ τgSk ≤ 4.8 × 10
6.
The parameters of discrete spectrum were used in eq. (2.47) to reproduce the frequency
response at the reference temperature. The model accurately reproduced the experimental
measurements until high frequencies, ωaT > 105, which corresponded with the onset of
the glassy plateau. At higher frequencies, the model provided a larger storage modulus
than found experimentally. This may be caused by the inability of the time-temperature
superposition principal to describe the approach to the glassy state.
Figure 2.2(a) plots the structural relaxation function measured in isothermal recovery
tests at four different temperatures as a function of time from the beginning of the temper-
ature drop. The recovery rate varied noticeably with temperature. At the highest temper-
ature, the specimens nearly reached equilibrium within the 60 min hold time, while little
relaxation was observed at the lowest temperature. The master curve of structural relax-
ation was obtained by plotting the response function against reduced time, as shown in
Fig. 2.2(b). The KWW substitute model was used to fit master curve to determine the
parameters β and χ. The thermal contraction measured at higher temperatures exhibited
60

























































































































































































































































































































































Figure 2.1: TTS tests for different cross-linker densities (a) 10 wt% (b) 10wt% master
curve (c) 20wt% (d) 20wt% master curve (e) 40wt% (f) 40wt% master curve.
61
CHAPTER 2. MODELING THE THERMALLY ACTIVATED SHAPE-MEMORY
BEHAVIOR
noticeable overshoot. This was caused by an overshoot of the target temperature at the
end of temperature ramp during fast cooling. The parameters ∆αk of the discrete structural
relaxation spectrum was determined for a power-law distribution of relaxation times in the
range 10−5χ ≤ τg
Rk
≤ 200χ using eq. (2.57) for P = 20 processes. The parameters of the
discrete spectrum were applied to simulate the unconstrained constant cooling rate tests.
The results shown in Fig. 2.3 demonstrated significantly improved agreement between ex-
periment and simulations compared to the method presented in Nguyen et al.78 that fit
the parameters of the structural relaxation spectrum directly to constant cooling rate tests.
The prior method assumed that the structural relaxation spectrum had the same shape as
the viscoelastic spectrum, leading to a large discrepancy in the prediction of the thermal
contraction in the glass transition region.
A key assumption of the model is that the stress and structural relaxation times share
the same temperature and structure dependance. This allowed the master curve for the
structural relaxation function to be constructed using the WLF constants, determined from
the shift factor measured for the stress relaxation function, to calculate the temperature-
dependent and structure-dependent shift factor for the normalized volume recovery curves.
The results in Fig. 2.2 and 2.3 validated this assumption for the three tBA-co-XLS net-
works. Few studies have examined the relationship between the stress and structural relax-
ation times. Espinoza and Aklonis135 compared the two behaviors in aging experiments.
The model by Tool122 and a modified WLF model for the temperature and structure depen-
dence of the relaxation times were used to fit experimental data for volume recovery and
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Figure 2.2: Isothermal recovery tests (a) 10 wt% (b) 10wt% master curve (c) 20wt% (d)
20wt% master curve (e) 40wt% (f) 40wt% master curve.
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Figure 2.3: Thermal strain: experimental and simulation results for 10wt % SMPs
stress relaxation of polystyrene. It was found that both models were able to reproduced
the volume recovery data, but only the modified WLF model was able to reproduce the
stress relaxation data for different aging times. The modified WLF equation used by Es-
pinoza and Aklonis135 shares similar characteristics with the Adam-Gibbs equation, which
corroborates our findings.
To determine the viscoplastic parameters, isothermal uniaxial compression experiments
were performed at different strain rates at temperatures well below T refg . Fig. 2.4(a) plots
the stress-strain curves for 10oC, and Fig. 2.4(b) shows the Eyring plots for all three net-
works (eq. (2.59)). The parameters for the yield and post-yield behavior were determined
by fitting to the stress-strain curves measured at 10oC for strain rates 0.003/s, 0.01/s, and
0.03/s (Fig. 2.4(c)). The results were used to predict the stress response for the strain rate
0.03/s at different temperatures (Fig. 2.4(d)). The results of 20 wt% and 40 wt% materials
are shown in Fig. 2.5. The results showed that the model was able to reproduce the transi-
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Figure 2.4: Uniaxial compression tests for 10wt% materials (a) 10oC experimental results
(b) Eyring plot (c) experimental and simulation results for 10oC (d)experimental and sim-
ulation results for strain rate 0.03/s
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tion from a viscoplastic response, with a distinct yield point and post-yield softening, to a
viscoelastic response with increasing temperatures through the glass transition region. The
model also captured the strain rate and temperature dependance of the yield strength across
the glass transition region. Compared to the single-process model of Nguyen et al.,45 which
calculated a stiffer elastic response and smaller yield strains in the glass transition region,
the multiple relaxation model more accurately described the temperature-dependence of
the yield behavior.
2.4.2 Partially Constrained Recovery Response
The thermoviscoelastic model was implemented numerically into Mathematica and ap-
plied to simulate the partially constrained and fully constrained shape recovery response.
The numerical implementation evaluated the constitutive relations for uniaxial tension at
a material point and did not consider the effects of heat conduction. Simulations of the
partially constrained recovery response applied the same temperature and loading history
used in the experiments (Sec. 2.2.3). To model the shape-memory programming step, the
sample was either started at 70◦C for hot-deformation or cooled to 20◦C at 5◦C/min for
cold deformation and held for 20 min. For both cases, a 30% compressive engineering
strain was applied at 10−3/s and held for 20 min to allow for stress relaxation. The temper-
ature was decreased to 0◦C at 5◦C/min and held for 10 min in two steps. In the first step,
the strain was held constant during cooling to allow for stress relaxation by viscoelasticity
and thermal contraction of the vitrifying material. Once the stress decreased to zero, the
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Figure 2.5: Uniaxial compression tests (a) 20wt % experimental and simulation results
for 10oC (b) 20% experimental and simulation results for strain rate 0.03/s (c) 40wt %
experimental and simulation results for 10oC and (d) 40wt %experimental and simulation
results for strain rate 0.03/s .
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Figure 2.6: The normalized recovered strain at different constraining stress for 10wt%
materials programmed at 70 oC comparing (a) experiment and (b) simulations
second step allowed the strain to decrease freely during the remainder of the cooling period
and the annealing period to simulate the sample contracting away from the compression
platens during experiments. To simulate the shape-recovery step, an engineering stress,
which corresponded to a fraction of the stress required to deform the material at 70◦C to
30% engineering strain, was applied for both the hot-deformation and cold-deformation
case in 60 seconds. The temperature was increased to 100◦C at 2◦C/min while the con-
straining stress was held constant.
Figures 2.6, 2.7 and 2.8 show the normalized recovered strain for the 10 wt%, 20 wt%
and 40 wt% materials programmed at 70oC for various constraining stress comparing ex-
periments and simulations. Results for the 40wt % materials are presented in Appendix ??.
For all three networks, activation of significant strain recovery occurred at temperatures
slightly higher than the Tg measured by constant cooling rate tests. Previous works showed
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Figure 2.7: The normalized recovered strain at different constraining stress for 20wt%
materials programmed at 70 oC comparing (a) experiment and (b) simulations








































































Figure 2.8: The normalized recovered strain at different constraining stress for 20wt%
materials programmed at 70 oC comparing (a) experiment and (b) simulations
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that this temperature corresponded to the onset glass transition temperature measured in dy-
namic thermal scan experiments at fixed frequency.78 The strain recovered monotonically
from the programmed strain to an equilibrium value determined by constraining stress and
the equilibrium modulus. The simulations predicted an activation temperature and corre-
spondingly an end temperature that was on average lower by 5.5 oC. The slower activation
of strain recovery observed in experiments was most likely caused by finite rate of heat con-
duction, which was not considered in the simulations. Both simulations and experiments
showed that the recovery rate decreased with increasing constraining stress. The strain
continued to increase after full recovery because of thermal expansion and the slope of the
post-recovery strain-temperature curve for the 0% constraining stress corresponded to the
rubbery CTE in the simulation. The CTE appeared to increase with the constraining stress
in both experiments and simulations, but this was caused by the entropic stiffening of the
material with temperature, which under a constant constraining stress provided additional
elastic strain recovery.
The partially constrained recovery response of materials programmed below Tg differed
significantly from those programmed above Tg. Figures 2.9, 2.10 and 2.11 show that the ac-
tivation of strain recovery occurred at lower temperatures (20◦C) below Tg and more grad-
ually with a slower recovery rate. Though the simulations also predicted a lower activation
temperature, the values was 10◦C higher than measured in experiments. The simulations
also did not predict a slower initial recovery rate. These discrepancies suggest that the
large compressive stresses generated by the initial cold compression had a non-negligible
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Figure 2.9: The normalized recovered strain at different constraining stress for 10wt%
materials programmed at 20 oC comparing (a) experiment and (b) simulations




































































Figure 2.10: The normalized recovered strain at different constraining stress for 20wt%
materials programmed at 20 oC comparing (a) experiment and (b) simulations
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Figure 2.11: The normalized recovered strain at different constraining stress for 40wt%
























Figure 2.12: The distribution of nonequilibrium stress at the beginning of recovery process
for 10 wt% materials programmed at 20 oC
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effect on the structural relaxation. Pressure in general increases the structural relaxation
time, and a larger structural relaxation time causes a more gradual activation of strain re-
covery.117 After activation, the strain recovered non-monotonically with temperature, first
increasing to a maximum value then decreasing to the equilibrium value determined by the
constraining stress and rubbery modulus. Both the experiments and simulations showed
that the strain overshoot increased with increasing constraining stress; though the model
generally predicted a lager strain overshoot than measured in experiments.
In preliminary studies, we did not observe the overshoot in recovered strain in identical
simulations using the single-process model of Nguyen et al.45 (results not shown). This
indicates that the phenomena is caused by the distribution of the stress relaxation times
and is akin to the Kovacs effect which arises from the distribution of structural relaxation
times.120 The stress relaxation spectrum of the tBA-co-XLS networks spans a broad dis-
tribution of relaxation times. This caused a broad distribution of nonequilibrium stresses,
sneq
k
, to develop during the relaxation period of the programming step. Processes with
larger relaxation times remained in compression with negative flow stresses throughout the
20 minute relaxation period, while those with smaller relaxation times were driven into
tension (Fig. 2.12). The application of the small constraining stress prior to deployment
did not change significantly the distribution of nonequilibrium stresses. The viscous strain
rates scale with the nonequilibrium stresses. As a result, the faster processes with positive
nonequilibrium stresses first cause the strain to increase during heating until the slower
processes with negative nonequilibrium stresses become dominant and cause the strain to
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Figure 2.13: Parameter study for partial recovery behavior (a) viscoelastic spectrum breadth
(b) structural relaxation spectrum breadth
decrease to the equilibrium value.
To investigate the importance of the different time-dependent deformation mechanisms
on the partially constrained recovery response of materials programmed in the glassy state,
the simulations were repeated for the 10 wt % material with 70% constraining stress vary-
ing one-by-one the parameters of the model. The overshoot in the recovered strain was
most sensitive to α, which describes the breadth of the relaxation spectrum (Fig. 2.13(a)).
The strain overshoot decreased dramatically with larger α, vanishing in the limit α → 1.
This limit corresponds to a single exponential process. Structural relaxation primarily in-
fluenced the activation of strain recovery. A broader distribution of structural relaxation
times, represented by a smaller β in Fig. 2.13(b), produced a lower activation temperature
and slower initial recovery rate. The overshoot in the recovered strain was strongly influ-
enced also by the parameters governing the stress-activated yield and softening response.
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Figure 2.14: Loading condition study for partial recovery behavior (a) aging (b) constrain-
ing stress
A larger activation parameter, QS/sy0 , and a smaller relative steady-state yield strength,
syss/sy0 , led to a lower yield point and a smaller stress for the applied deformation to drive
the recovery response.
The study also examined the effects of an extended annealing (aging) time and con-
straining stress. The model predicted that extended annealing at 20oC resulted in a higher
activation temperature and also a greatly improved initial recovery rate as shown in Fig
2.14(a). The overshoot in the recovered strain was also observed when the constraining
stress was larger than the stress for 30% compressive strain above Tg (Fig 2.14(b)).
2.4.3 Fixed-Strain Recovery
To simulate the fixed-strain recovery response, the sample was either started at 70◦C
for hot-deformation or cooled to 20◦C at 5◦C/min for cold deformation and held for 10
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minutes. For both cases, a 30% compressive engineering strain was applied at 10−2/s and
held for 5 minutes to allow for stress relaxation before cooling to 0◦C at 5◦C/min and an-
nealed 10 minutes. The strain was allowed to vary as described for the partially constrained
simulations (Sec. 2.4.2) to allow the stress to fully unload. The temperature was increased
to 100◦C at 2◦C/min while holding the strain constant. Fig. 2.15 plots the stress response
for the 10% wt material as a function of temperature during the heating step, showing a
stress overshoot at temperatures near the Tg. A significantly larger maximum stress was
obtained for materials programmed by cold compression than by hot compression. This
result is consistent with previous experimental observations49, 53, 54, 56 regarding the effects
of deformation temperature on the recovery response. The stress overshoot for materials
programmed above Tg is caused by the constrained thermal expansion of the stiff unrelaxed
material.117 Thermal strains are small, on the order of 1%, and this leads to relatively
small activation stresses. For those programmed in the unrelaxed state below Tg, the stress
overshoot is caused by viscoelastic recovery of the programmed strain, which for these
simulations was 30%. Consequently, the cold-programmed material has the capacity for
significantly larger activation stresses prior to the glass transition, where the material soft-
ens and the stresses decrease back to the equilibrium value. The simulation was repeated
for different applied compressive strains ranging from 5% to 30% and different material
parameters. Fig. 2.16(a) showed that the maximum stress increased significantly with the
applied strain, while Fig. 2.16(b) shows that a higher yield strength can generate a higher
activation stress.
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Figure 2.15: Simulation results for fully constrained recovery for 10 wt %SMPs pro-
grammed above and below T refg






























































Figure 2.16: Simulation results for fully constrained recovery for 10 wt %SMPs pro-
grammed at 20 oC (a) different compression strain influence (b)steady state yield strength
influence
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2.5 Conclusions
A thermomechanical constitutive theory was developed for the glass transition of amor-
phous networks, and applied to study the effects of deformation temperature and phys-
ical aging on shape memory performance. The model described multiple coupled non-
linear viscoelastic processes and nonlinear structural relaxation processes. The constitu-
tive model was applied to investigate the partially constrained and fixed-strain recovery
response of materials programmed above and below the glass transition temperature. Com-
paring the experimental and modeling results for the hot-deformed and cold-deformed ma-
terials yields the following observations:
• We were able to use the temperature shift factor measured for the stress relaxation
function to calculate the temperature-dependent and structure-dependent shift factor
for the structural relaxation function. This validated the central assumption of the
model that the stress relaxation times and structural relaxation times exhibit the same
temperature and structure dependance.
• The temperature-dependent and rate-dependent yield strength and post-yield soft-
ening was successfully described using a multiple-process Eyring model for stress-
activated flow. The model was characterized by a single activation stress and the
distribution of relaxation times measured from the small-strain viscoelastic response
at high temperatures. Moreover, the same temperature and structure dependence ap-
plied for the structural relaxation time was used to describe the resistance to viscous
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flow and the rate of dynamic softening. Compared to the single-process model of
Nguyen et al.,45 the multiple-process model more closely reproduced the temperature-
dependence and strain-rate dependence of the isothermal stress response through the
glass transition.
• The model was able to reproduce the partially constrained recovery response of ma-
terials programmed above and below Tg. For materials programmed above Tg, the
model accurately captured the recovery rate and recovery strain ratio as a function of
the constraining stress. For materials programmed below Tg, the model reproduced
the overshoot in recovered strain.
• The magnitude of the strain overshoot was most sensitive to the viscoelastic param-
eter α, which described the breadth of the relaxation spectrum. The maximum strain
decreased with increasing α and vanished entirely as α → 1, which corresponds to
a single exponential relaxation process. These results indicate the overshoot in the
recovered strain stems from the distributed nature of relaxation process. The magni-
tude of the strain overshoot was also significantly influenced by the yield strength.
• The activation temperature and initial recovery rate was most sensitive to the struc-
tural relaxation parameter β, which described the width of the structural relaxation
spectrum. A narrow structural relaxation spectrum produced a higher activation tem-
perature and faster initial recovery rate. The influence of the structural relaxation
mechanisms also caused the increase in the activation temperature and recovery rate
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with the annealing time below Tg.
• The fixed-strain recovery response of materials programmed below Tg exhibited a
significantly larger stress overshoot than those programmed above Tg. This was
consistent with experimental observation.49, 53, 56 The stress overshoot is caused by
constrained thermal expansion of the unrelaxed glassy material for hot-programmed
materials,117 and by viscoelastic strain recovery for cold-programmed materials.
Despite their numerous advantages, SMPs have not been widely adopted, primarily be-
cause of their slow recovery times, which typically range between 100 and 1000 s,4, 21 and
small actuation force.113, 117 This study shows the recovery rate, activation temperature, and
activation stress can be manipulated to a large extent by designing the time, temperature,
and deformation history of the programming step. Cold-deformation programming can be
applied to achieve an overshoot in the recovered strain under a constraining stress, which
introduces the possibility of designing more complex shape changes. In addition, cold-
deformation can also increase significantly the actuation force capacity. Physical aging can
dramatically increase the initial recovery rate and increase the activation temperature for
unconstrained and partially constrained recovery.
The present constitutive model was developed considering only the time-dependent
mechanisms of the glass transition of amorphous networks. The successful application
of the model for type I SMPs reinforces the fact that these materials are a subset of a
well-studied class of conventional engineering polymers, yet SMPs are distinguished from
conventional polymers in their application. Specifically, deformation programming, stor-
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age, and deployment for SMP devices can occur in a narrow temperature range surrounding
the glass transition. This is particularly true for many proposed SMP biomedical devices,
where the activation temperature (Tg onset) is tailored to be near 40◦ (body temperature) and
device storage is intended to be at 20◦C (room temperature). Physical aging becomes an
important factor in the performance of these SMP devices. The application of SMP devices
involves the interaction of many nonlinear and time-dependent mechanisms. By modeling
these underlying mechanisms of shape-memory behavior, we have identified programming
strategies for improving the recovery rate and actuation stress that could potentially help





This chapter has been reprinted from R. Xiao and T. Nguyen, “Modeling the solvent-
induced shape-memory behavior of glassy polymers ", Soft Matter, Vol. 9, Pages 9455-
9464, 2013, with permission from The Royal Society of Chemistry136 .
In this chapter, a constitutive model was presented for the effect of solvent absorption on
the thermomechanical properties and shape-memory behavior of amorphous polymers. The
absorption of low concentrations of solvent depresses the glass transition temperature by
increasing the molecular mobility of the polymer chains. In a shape-memory application,
this can lead to premature shape recovery and significant alterations to the time-dependence
and temperature-dependence of shape recovery. We implemented the constitutive model
for finite element analysis and developed a computational model that considered the time-
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dependent effect of diffusion to study the solvent-induced shape-memory behavior of a
meth(acrylate) copolymer network. The model was validated by comparing to isothermal
shape recovery experiments of specimens in air and water at different temperatures.
3.1 Introduction
Thermally activated shape-memory polymers (SMP) have garnered significant atten-
tion in recent years for their potential broad range of applications and tailorable properties.5
Several different mechanisms can be employed to achieve the shape memory effect in poly-
mers,2, 137, 138 but the two most common ones are the melt transition of semicrystalline
polymers and the glass transition of amorphous polymers. For amorphous polymers, the
temporary shape is obtained by deforming the material in its heated rubbery state. Cooling
the material below the glass transition temperature Tg reduces the molecular mobility of
the polymer chains, fixing the deformed shape in a nonequilibrium thermodynamic state.
The temporary shape should be fixed indefinitely until the material is heated above the Tg.
However, amorphous SMPs can experience a significant loss in shape fixity below Tg when
stored for a prolonged period of time in water or in a humid environment.14 While the
absorption of solvents, such as water, can be detrimental to the shape-memory effect of
amorphous networks, the phenomena can also be harnessed to athermally activate shape
recovery. This alternative to temperature-driven shape recovery is attractive for biomedical
applications, such as implantable medical devices, where the controlled delivery of heat
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poses an intractable challenge in a surgical environment.
The first experimental studies of solvent-driven shape recovery examined the effect of
water absorption on polyurethane SMP.14, 83 The authors observed that the Tg decreased
gradually with the absorption of water, resulting in a reduction in the Young’s modulus
and yield strength, as well as a loss of the programmed shape. For large programmed
tensile deformation, this phenomena can lead to buckling instabilities, as demonstrated by
Zhao et al.139 and Wang et al.140 for PMMA in ethanol. Huang141 also demonstrated
the potential biomedical applications of solvent-driven shape recovery. Chen et al.15 re-
ported a novel shape memory polyurethane containing pyridine moieties with excellent
moisture absorption properties and measured how the temperature and humidity influenced
the shape recovery performance. They found that a faster recovery rate could be achieved
with higher temperature and higher levels of humidity. Lu et al.84 described the solvent-
driven shape recovery behavior of a styrene-based SMP immersed in toluene, while Lu et
al.16 investigated the response of a poly(vinyl alcohol) SMP in good versus poor solvents.
Simith et al.142, 143 studied the relationship between the glass transition temperature, water
absorption, and uniaxial tensile stress response for a family of (meth)acrylate networks.
Their experimental results showed an initial rapid decrease in the elastic modulus upon
immersion in water. The toughness also initially increased, then abruptly decreased after a
prolonged immersion time.
84
CHAPTER 3. MODELING THE SOLVENT-INDUCED SHAPE-MEMORY
BEHAVIOR
The absorption of solvent precipitates shape recovery in amorphous polymers by de-
pressing the glass transition temperature below the storage temperature. This also causes
the material to become more compliant (i.e., more rubbery) compared to the dry polymer
at the same temperature. The effect of low solvent concentration on the glass transition
of amorphous networks has been modeled as an increase in the molecular mobility caused
either by an increase in free volume86, 87, 144 or configurational entropy of the polymer-
solvent system. The pioneering configurational entropy theory of Dimarzio and Gibbs88
used statistical mechanics to derive an implicit expression for the glass transition tempera-
ture of a polymer-solvent system as a function of the concentration, and size and flexibility
of the solvent molecules. Chow89 extended the work of Dimarzio and Gibbs88 by deriving
an explicit expression for Tg that showed good agreement with experimental data. Here,
we adopt the configurational entropy approach to develop a constitutive model for the ef-
fect of low solvent concentration on the thermomechanical properties and shape-memory
performance of amorphous polymers. Previously, we developed thermoviscoelastic consti-
tutive models for the glass transition behavior of amorphous polymers, that included the
time-dependent mechanisms of stress relaxation, structural relaxation, and stress-activated
yielding and viscous flow below Tg.45, 78, 145 The models were applied successfully to de-
scribe the effects of temperature, mechanical loading,145, 146 and physical aging79 on the
shape-memory response. The thermoviscoelastic models used the nonlinear Adam-Gibbs
model39, 42, 121 to describe the temperature-dependence and structure-dependence of the re-
laxation time. In the Adam-Gibbs model the relaxation time depends inversely on the
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configurational entropy of the polymer network. Cooling the polymer below the Tg pro-
gressively reduces the configurational entropy and causes the relaxation time to increase
exponentially preventing the material from relaxing to equilibrium.
In this work, we extend the thermoviscoelastic model of Xiao et al.145 by modifying the
nonlinear Adam-Gibbs model to incorporate the effect of low solvent concentrations on the
temperature-dependent relaxation behavior of amorphous polymers. We implemented the
model for finite element analysis and developed a computational model to study solvent-
driven shape recovery of a (meth)acrylate network. The computational model also de-
scribed the diffusion of solvent into the polymer matrix to more accurately describe the
time-dependence of shape recovery. The model parameters were obtained from dynamic
mechanical analysis and diffusion experiments. The model was validated by comparing to
isothermal free recovery experiments of specimens in air and water at different tempera-
tures.
3.2 Methods
3.2.1 Materials and Specimen Preparation
Methyl acrylate (MA), methyl methacrylate (MMA), poly(ethylene glycol) dimethacry-
late (PEGDMA), with typical molecular weight Mn = 550, and photoinitiator 2,2-dimethoxy-
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2-phenylacetophenone (DMPA) were purchased from Sigma Aldrich and used in their as-
received condition. The MA-MMA-PEGDMA solution was mixed in a 5:4:1 mass ratio,
and DMPA was added to the comonomer solution at a concentration of 0.5 wt% of the total
comonomer weight. The polymer solution was either injected between two glass slides to
make tensile test specimens or a thin-walled tube mold to make hollow cylindrical speci-
mens as described in Yakacki et al.21 The specimens were placed in a UV oven (Model
CL-1000L Ultraviolet Crosslinker) for 15 minutes to polymerize. The specimens were then
annealed in an incubator at 80oC for 1 hour to achieve full polymerization.
3.2.2 Experiments
In previous works, we performed three sets of experiments to characterize the ther-
momechanical properties of amorphous polymers in their dry state. These were time-
temperature superposition tests to measure the temperature-dependent viscoelastic prop-
erties, isothermal volume recovery tests to measure the structural relaxation properties,
and isothermal uniaxial compression tests to measure the temperature-dependent and rate-
dependent yield and post-yield behavior. The methods for these tests were described in
detail in Nguyen et al.,45, 78 Choi et al.,79 Xiao et al.145 Here we describe additional exper-
iments developed to measure the effect of water absorption on the mechanical properties
and shape recovery behavior of the polymer network.
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3.2.2.1 Diffusion Tests:
Rectangular specimens with dimension 20.0 × 20.0 × 0.95 mm3 were used to measure
the diffusion coefficient of water into the polymer network. Each specimen was weighed
before testing. The specimens were then immersed in de-ionized water and placed in an
incubator at either 25◦C or 30◦C. The specimens were removed periodically and weighed
using a high resolution digital balance with 10−4 gram resolution. The specimens were
returned immediately to the water bath and placed into the incubator after measurement.
The measurements were performed on 4 specimens for each temperature.
3.2.2.2 Frequency Sweep Tests:
The frequency sweep tests were performed on dry and saturated tension film speci-
mens using a TA Q800 Dynamic Mechanical Analyzer (DMA) in multifrequency mode.
Dry polymer film specimens were heated from 20 oC to 80 oC in 5◦C increments. The
specimens were annealed at each test temperature for 5 minutes to allow for complete heat
conduction through the sample, then subjected to a 0.2% dynamic strain at 0.3 Hz, 1.0 Hz,
3.0 Hz, 10.0 Hz, and 30.0 Hz to measure the storage modulus and tan delta. The same
frequency sweep was also performed on saturated samples at room temperature to measure
the effect of solvent absorption on the storage modulus and tan delta. Saturated specimens
were prepared by immersing the dry tension film specimens in de-ionized water and placed
in an incubator at 25◦C for 48 hours. This immersion time was sufficient to achieve equi-
librium in prior diffusion tests described in Sec. 3.2.2.1. The saturated specimens were not
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subjected to measurements at higher temperatures to prevent significant evaporation.
3.2.2.3 Isothermal Uniaxial Tension Tests:
Isothermal uniaxial tension tests were performed on dry and saturated specimens using
a custom-built micro-tensile setup described in Joshi et al.147 to measure the effect of water
absorption on the tensile properties. The experiments used dog-bone shape specimens with
a 6.0 × 2.0 × 1.0 mm3 gage section cut from the film specimen using a digital control mill
(Figure 3.1). Digital image correlation (DIC) was used to measure the local strain in the
gage section as described in Joshi et al.147 The specimens were pulled to 40% engineering








Figure 3.1: Dog-bone shaped tensile test specimen.
3.2.2.4 Isothermal Recovery Tests:
Isothermal shape recovery experiments were performed to compare the response of
dry specimens in air and specimens immersed in water. The experiments used two differ-
ent specimen geometries: thin film specimens 20.0 × 5.0 × 0.75 mm3 in size, and tube
specimens with length 15.0 mm, outer radius 10.0 mm, and thickness 0.8 mm. The film
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specimens were equilibrated at 60◦C and then stretched to 25 % engineering strain in 100
seconds using the TA Q800 DMA. The deformed specimens were cooled down to 20◦C at
5◦C/min and annealed for five minutes before unloading to nominally zero force (0.001 N).
For recovery in air, the film specimens were heated in the DMA, set to zero force mode, to
the test temperature at 10◦C/min then held constant for 1 hour. The displacements of the
grips were measured under nominally zero force (0.001 N) and used to calculate the shape





where L0, Lt , and Lmax are the initial length, current length at time t, and the maximum
length at the end of the programmed step. The shape recovery experiments in air were
performed at four test temperatures: 41◦C, 44◦C, 47◦C and 50◦C. For recovery in water,
the specimens were immersed in de-ionized water and placed in an incubator at the test
temperature. The two test temperatures were 25◦C and 30◦C. The momentary shape was
recorded using a digital camera and the length Lt was measured using the GNU Image
Manipulation Program 1.
Similarly, the tube specimens were equilibrated at 60◦C in an incubator. The top and
bottom of the tube were pinched together using tweezers to create a temporary shape (Fig.
3.2). The deformed specimen was removed from the oven to room temperature to fix the
programmed shape. To recover the permanent tube shape, the programmed specimen was
1http://www.gimp.org/
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immersed in de-ionized water at either 25◦C or 30◦C. The specimen was imaged using a
digital camera during the recovery process to track the distance between the top and bottom





where H0, Ht , and Hmin are the initial height, current height at time t , and the height at the
end of the programmed step between the top and bottom of the pinched section (Fig. 3.2).
Figure 3.2: The geometry of the tube specimens for both undeformed and deformed shape
3.2.3 Constitutive Model
We present in this section an extension of a constitutive model developed by Xiao et
al.145 to incorporate the effect of solvent absorption on the thermomechanical behavior of
amorphous polymers spanning the glass transition. We first review the key features of the
nonlinear thermoviscoelastic model described previously in detail in Nguyen et al.45, 78 and
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Xiao et al.,145 then focus on developing a formulation for the dependence of the stress and
structural relaxation times on the solvent concentration.
To model the swelling, time-dependent thermal, and mechanical deformation, we as-
sume that the deformation gradient, which maps material lines in the reference configura-
tion to spatial lines in the deformed configuration, can be decomposed multiplicatively into
isotropic swelling and thermal components, FS = J1/3S 1 and FT = J
1/3
T 1, and a mechanical




3 FM, FM = FekF
v
k , for k = 1...N1. (3.3)
We assume molecular incompressibility, such that the diffusion of solvent molecules into
the polymer network causes the following volume change,




where ρp, ρs is the density of the polymer and solvent and φ is the mass ratio between
solvent and polymer; thus ρpρs φ is the volumetric ratio between the solvent and polymer.
Thermal deformation is assumed to undergo structural relaxation with an instantaneous
deformation given by the glassy coefficient of thermal expansion (CTE), αg, and N2 time-
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where Ti is the initial temperature at time t = 0. The total departure from the instantaneous






. We assume that δneq is related to the fictive temper-
ature Tf of the nonequilibrium structure as, Tf = 1∆αδ
neq + Ti, where ∆α = αr − αg is the
difference between rubbery and glassy CTE. The fictive temperature was originally pro-
posed by Tool122 to represent the temperature at which the nonequilibrium structure would
be in equilibrium. We assume the following first-order nonlinear kinetic relation originally












− ∆αk (T − Ti)
)
, (3.6)
where τRk is the structural relaxation time dependent on the temperature, fictive tempera-




Polymers exhibit different time-dependent response to volumetric and isochoric (vol-
ume preserving) deformation.27 Consequently, the mechanical deformation gradient and its








. This allows the stress response to be represented by an equilibrium distor-
tional part seq represented by the Arruda-Boyce126 model, N1 nonequilibrium distortional
parts sneq
k
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k are the left Cauchy-Green deformation tensor of
the mechanical deformation and its elastic component. The latter is an internal variable
describing the departure from the equilibrium mechanical response. The variables IM1 =
I : bM and I
e
1k = I : b
e




3 IM1 denote the effective chain stretch of the Arruda-Boyce
126 network















where υSk is the shear viscosity dependent of the temperature, fictive temperature, solvent
concentration, and flow stress s =
√
1
2sneq : sneq. The shear relaxation time is defined from




3.2.3.1 Relaxation Time of a Polymer-Solvent System:
Previously, we applied the Adam-Gibbs39 model to describe the temperature depen-
dence of the structural and stress relaxation times. The central hypothesis of the Adam-
Gibbs model is that network rearrangements in response to decreasing temperatures require
the cooperative motion of progressively larger number of molecular groups. By relating the
number of cooperatively rearranging groups to the configurational entropy Sc , Adam and
Gibbs39 developed a formulation for the structural relaxation time that depends inversely
on Sc ,
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where A and B are a scaling parameters. For a system in thermodynamic equilibrium,
we assume that the configurational entropy of the polymer-solvent system depends on the
temperature and number of solvent molecules, Sc (N ,T ). For a dilute system, we further
assume that the presence of solvent molecules in low numbers contributes a small increment
to the configurational entropy of the pure polymer system that depends only on the number
of solvent molecules,
Sc (N ,T ) = Sc (0,T ) + ∆Sc (N ) . (3.10)
This assumption was used by Chow89 to develop a statistical mechanics model for the effect
of dilute solvent concentration on the glass transition temperature. The model was applied
successfully to predict the decrease in the glass transition temperature of polystyrene with
absorption of a variety of organic solvent molecules. We adopt the approach of Chow89
here to develop an extension of the Adam-Gibbs model for the effect of the dilute solvent
concentration on the relaxation times.
The entropy of a system in equilibrium can be determined from the configurational
partition function Q as,







where k is the Boltzmann constant. Substituting eq. (3.11) into eq. (3.10) gives,
















The Brag-Williams theory148 is used to evaluate the ratio of partition functions in eq.
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(3.12), for the possible arrangements of small solvent molecules in the polymer lattice.
The partition functionQ(N ,T ) represents N solvent molecules randomly distributed among
N + L lattice sites, where L is the number of empty lattice sites, while the partition func-
tion Q(0,T ) represents the state before mixing (N = 0). The ratio of partition functions










where E is the change in interaction energy caused by mixing. Defining the lattice coordi-
nation number as z and εNN , εLL and εNL as the energies of each NN , LL, and NL pair, E


























(εNN + εLL − 2εNL) .
(3.14)
The first term in the above equation is the interaction energy after mixing and the last two
terms are the interaction energy before mixing.
Substituting eq. (3.13) and (3.14) into eq. (3.12) and applying Stirling’s approximation,
ln(N !) = N ln N − N , gives the following
∆Sc = −ζ [θ ln(θ) + (1 − θ) ln(1 − θ)], (3.15)
where ζ = k(N + L) and θ = N
N+L
is the solvent number fraction. Note that while we
assumed that the entropy change ∆S is temperature independent in eq. (3.10), the result
is achieved by using the Bragg-Williams theory. The number of solvent molecules N and
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where ms, mp are the mass and Ms , Mp are the molar mass of the solvent and polymer
respectively, and NA is Avogadro’s number. This allows ζ and the number fraction θ to be








where R is the gas constant.
For a nonequilibrium polymer-solvent system, we assume that the configurational en-
tropy near equilibrium can be similarly decomposed as in eq. (3.10) into a contribution for
the nonequilibrium pure polymer system dependent on the fictive temperature Tf and an









+ ∆Sc (N ) . (3.18)
Furthermore, we assume that ∆Sc has the same dependence on the solvent concentration as


















where C is a scaling parameter and T2 is the Kauzmann temperature for an ideal glass.
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Combining eq. (3.9), (3.10), (3.15), and (3.19), gives the following explicit function
for the dependence of the structural relaxation time for each relaxation process on the
temperature, nonequilibrium structure, and solvent concentration,
τRk (T ,Tf , θ) = Ak exp




] − [θ ln(θ) + (1 − θ) ln(1 − θ)]
)




T ,Tf , θ
)
is defined as the shift factor. For the purpose of parameter identi-
fication, we define the relaxation time for the dry polymer system (θ = 0) at an equilibrium
reference temperature as, τg
Rk
= τRk(T refg ,T
ref
g , 0), where T
ref
g is the glass transition tem-
perature measured for a reference cooling rate. This allows the structural relaxation time
of the polymer-solvent system to be expressed relative to the dry system at the reference
temperature as follows,
τRk (T ,Tf , θ) = τ
g
Rk
a(T ,Tf , θ)




g , 0) = exp
 B/ζT refg C/ζ ( 1T2 − 1T refg )
 .
(3.21)
For the dry polymer system, the expression for the relaxation time can be written as Nguyen
et al.,45






















where Cg1 and C
g
2 are the WLF constants defined at the reference glass transition tempera-
ture.
98
CHAPTER 3. MODELING THE SOLVENT-INDUCED SHAPE-MEMORY
BEHAVIOR
We assume that the stress relaxation time has the same dependence on temperature,
structure, and solvent concentration. To represent the stress-activated viscoplastic flow be-
havior, we further assume that the stress relaxation time also depends on the flow stress
according to a modified Eyring model.77 In the modified Eyring model, the Arrhenius tem-
perature dependence is replaced by the Adam-Gibbs dependence on temperature, structure,
and solvent concentration in equation (3.23),




















is the stress relaxation time at T refg . The parameter Qs is a scaling parameter, sy
is the yield strength and the flow stress s. Lastly, to incorporate the strain softening phe-
nomena in the glassy state, the phenomenological evolution equation developed by Boyce






















sy , sy (t = 0) = sy0 , (3.24)
where sy0 and syss are the initial and steady-state yield strength.
3.2.4 Finite Element Model
The constitutive model was implemented in an open-source finite element program
Tahoe c© (Sandia National Laboratories) 2 and applied to simulate the isothermal recovery
behavior of specimens in air and water to validate the model. We modeled both the rect-
angular and tube specimens described in Sec 3.2.2.4. Figure 3.3 shows the finite element
2http://sourceforge.net/projects/tahoe/
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model of the rectangular tension specimen. Only one eighth of the specimen was simulated
because of symmetry. The mesh was discretized using trilinear hexahedral elements, and a
mesh convergence study was performed to determine the mesh density. The finite element
model solved both the Fickian diffusion problem for the time-dependent spatial distribution





and the mechanics problem for the deformation and stress response of the specimens. An
iterative staggered scheme was applied to couple the two problems. The diffusion problem
was solved to calculate the solvent concentration cn+1 at time n + 1. This was used to
solve the mechanics problem for the displacement field, and the process was repeated until
the solution for both converged. The displacement boundary conditions for the mechanics
problem during the programming stage at T = 60◦C were set as follows,
ux(x = 0, y , z) = 0, uy(x , y = 0, z) = 0, uz(x , y, z = 0) = 0, uz(x , y , z = 10) = u(t),
(3.26)
where the applied displacement u (t) resulted in an engineering strain of 25% after 100
seconds. The remaining boundaries were left traction free. The temperature was decreased
to either 25◦C or 30◦C at a rate of 5◦C/min and held constant for an additional 5 minutes.
The strip was unloaded by applying a traction boundary condition at the top surface z = 10
mm that decreased to zero at a constant rate over a period of 20 seconds. To simulate shape
recovery in water, the diffusion problem was solved with the initial condition c(x , y , z , t ≤
tr ) = 0, where tr is the time at the beginning of the recovery step. The boundary conditions
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for the solvent concentration were,
c(x = 0.375, y , z , t ≥ tr ) = c∞, c(x , y = 2.5, z , t ≥ tr ) = c∞, c(x , y , z = 10, t ≥ tr ) = c∞,
(3.27)
where c∞ is the equilibrium concentration at the recovery temperature. Zero flux was spec-
ified for the remaining boundaries.
For the tube geometry, we modeled the 2D plane strain problem rather than the full
3D problem to reduce the computational time. Figure 3.4 shows the finite element model
for the tube geometry. The mesh was discretized by bilinear quadrilateral elements. A
significantly higher mesh density was chosen where there would be large bending stresses.
A mesh convergence study was performed to determine the mesh density. The bottom point
of the tube, x = 0, y = 0, was fixed in x and y to remove rigid body motions. A spherical
indenter with radius r = 0.5mm with a modulus 1000 times greater the glassy modulus
of the SMPs was used to deform the tube at T = 60◦C at a velocity of 0.18mm/s for 100
seconds. The temperature was decreased from the initial 60◦C to the recovery temperature
at a rate of 5◦C/minutes, under the constraint of the spherical indenter. The temperature
was held constant for 5 minutes before removing the constraint. To simulate recovery in
water, the diffusion problem was solved with solvent concentration at the inner and outer
surfaces set at c∞. The initial concentration was set to zero to represent the dry polymer.
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Figure 3.4: Finite element model of stent sample
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3.3 Parameter determination
The parameters and relaxation spectra, obtained from thermomechanical tests previ-
ously described in,45, 78, 79, 145 are listed in Table 3.1. The discrete stress and structural relax-
ation spectrum are given in Tables 3.2 and 3.3. The following describes methods developed
to measure the diffusion constant and parameters for the shift factor of the polymer-solvent
system in eq. (3.21).
3.3.1 Relaxation Times
The density of the polymer and water for this study were 1.12g/cm3 and 1.0g/cm3.
For the polymer-solvent system, the following additional parameters were determined for
the relaxation time: the molar mass for the solvent and polymer Ms and Mp as well as the
coordination number z in eq.(3.17), the Kauzmann temperature T2, and the scaling parame-
ters B/ζ and C/ζ in eq. (3.20). The MA-MMA-PEGDMA polymer system was composed
of two monomers, methyl acrylate and methyl methacrylate, with molar mass 86g/mol
and 100g/mol respectively. Since the ratio between the two monomers was 5:4, the molar
mass of the copolymer was approximated as Mp = 92g/mol. We neglected the crosslinker
contribution, considering the polymer was lightly cross-linked. We assumed z = 1 for the
coordination number. The remaining three parameters, B/ζ , C/ζ and T2, were obtained
from dynamic frequency sweep tests described in Sec. 3.2.2.2. We first applied the fre-
quency tests at multiple temperatures to construct the master curve of the storage modulus
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Table 3.1: Parameters of the constitutive model for the polymer-solvent system.
Parameter Values Physical significance
αr(10−4/o C) 6.33 rubbery coefficient.
αg(10−4/o C) 1.8 glassy coefficient.
ξ(10−6s) 7.0 stress relaxation time at Tref (75oC).
α 0.66 stress relaxation spectrum breadth
χ(s) 80 structural relaxation time at T = T refg .
β 0.3 structural relaxation spectrum breadth
T2(oC) 1.7 Kauzmann temperature.
B/ζ 5395 scaling parameter related with activation energy.
C/ζ 1377 scaling parameter related with configurational heat capacity.
µN (MPa) 0.96 shear modulus of equilibrium network.
λL 4 limiting chain stretch of equilibrium network.
µneq (MPa) 443.3 non-equilibrium shear modulus .
κ (MPa) 1666.7 bulk modulus.
QS/sy0(
oK/MPa) 110 activation parameter for viscous flow.
syss/sy0 0.43 ratio of steady-state to initial yield strength.
τy (MPa) 5000 characteristic yield time.
c1∞ (%) 2.28 equilibrium water concentration at 25
oC.
c2∞ (%) 2.36 equilibrium water concentration at 30
oC.
D1(mm2/s) 3.94 ∗ 10−6 water diffusion coefficient at 25 oC.
D2(mm2/s) 5.41 ∗ 10−6 water diffusion coefficient at 30 oC.
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g for the dry polymer as described
in.27, 78, 145 The Kauzmann temperature and the ratio of the two scaling parameters B/ζ
C/ζ are

















To calculate B/ζ and C/ζ , we performed a dynamic frequency sweep test at room tem-
perature Tr to measure the storage modulus of the saturated polymer. We then shifted the
storage modulus of the saturated material at Tr to the master curve of dry polymer at a ref-
erence temperature Tref = 75◦C to obtain the frequency shift ∆ as shown in Fig. 3.5. From
eq. 3.20, ∆ is related to the parameters as follows,
∆ =
a(Tr ,Tr , θ∞)
a(Tre f ,Tre f , 0)
= exp












where θ∞ is the equilibrium solvent number ratio, which is related with equilibrium mass
ratio through eq. 3.17. This method assumes that the saturated specimen is in structural
equilibrium at Tr . This is reasonable because the storage modulus measured for the satu-
rated system is within the glass transition region (Fig. 3.5). We also observed in exper-
iments that the storage modulus did not evolve with aging time for the saturated sample.
Combing eq. (3.28) and eq. (3.29) yields the parameters B/ζ and C/ζ .
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Table 3.2: Discrete structural relaxation spectrum of dry MA-MMA-PEGDMA determined
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Table 3.3: Discrete stress relaxation spectrum of dry MA-MMA-PEGDMA determined


















































Figure 3.5: Dynamic frequency sweep tests
3.3.2 Solvent Diffusion
We applied Fick’s second law to model the time-dependent diffusion process of the
polymer-solvent system. While Fick’s law is not valid for systems far below Tg, where
solvent uptake occurs by case II diffusion,137, 150–152 our system is sufficiently near Tg that
Fick’s law can be used to accurately describe the time-dependent results of the diffusion
tests detailed in Sec. 3.2.2.1.We solved the diffusion equation for the solvent concentration,
with the boundary condition c = c∞ at the surface and initial condition c = 0 at t = 0. The
results for the solvent concentration can be written as,










αl = (2l + 1)
π
L1
, βm = (2m + 1)
π
L2





where D is the diffusion coefficient and c∞ is the equilibrium solvent concentration. To
experimentally determine the diffusion constant and c∞ for the MA-MMA-PEGDMA ma-
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terial, we measured the solvent weight fraction of four samples immersed in de-ionized
water at 25◦C and 30◦C. The solvent weight fraction at any given time t is defined as:
c (t) =
W (t) −W (0)
W (∞)
, (3.31)
where W (0), W (t), and W (∞) refer to the initial weight of the dry specimen, wet specimen
at time t, and the saturated specimen. The analytical solution for the weight fraction of the






























We obtained the equilibrium concentration c∞ and the diffusion coefficient D by fitting
equation (3.32) to the experimental data as shown in Fig. 3.6. It was found that the equilib-
rium solvent concentration and diffusion coefficient at 30oC are larger than at 25oC, which
was also observed in Chen et al.153 The diffusion parameters are listed in Table 3.1.




































Figure 3.6: The experimental and simulation results for water diffusion tests
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3.4 Results and Discussion
3.4.1 Isothermal Stress Response
Fig. 3.7 compares the experimental data and simulation results for the isothermal,
uniaxial tension stress-strain response of dry and saturated specimens at room tempera-
ture. The results showed the dry specimen exhibited a typical hard glassy response with
a yield point, post-yield softening, and viscoplastic flow. As expected, the saturated sam-
ple showed a compliant rubbery response without a definite yield point. The diffusion of
solvent molecules into the polymer matrix reduced the glass transition temperature from
above to below the room temperature resulting in the dramatic softening of the stress re-
sponse. The simulation results agreed well with the experimental data; though the model
slightly underestimated the stress response of the saturated specimen. This may be caused
by the loss of hydration during the experiment.






























Figure 3.7: The stress-strain response for dry and saturated specimens at room temperature
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3.4.2 Isothermal Recovery
Fig. 3.8 plots the experimental data and model prediction for the shape memory cycle,
including the programming and isothermal recovery stage, of dry uniaxial tension speci-
mens. Shape recovery was measured as a decrease in the shape fixity ratio, defined in eq.
(3.1). The results showed the recovery rate increased with increased recovery tempera-
tures. At 41oC less than 30% deformation was recovered after one hour, while at 50oC
full recovery was achieved after 15 minutes. For the dry MA-MMA-PEGDMA material,





































Figure 3.8: The experimental and simulation results for recovery of tension specimens in
air
shape-memory programmed specimens showed negligible recovery after months storage at
room temperature. However, the programmed specimens experienced a significant loss of
shape fixity after it was immersed in water for several hours. Fig. 3.9 plots the shape fixity
ratio for the isothermal recovery of specimens immersed in water at 25◦C and 30◦C. The
specimens recovered to their original length after 8 hours at 25oC and 4 hours at 30oC. The
model prediction showed good agreement with experimental results at 30◦C but predicted
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Figure 3.9: The experimental and simulation results for recovery of tension specimens in
water
a longer recovery time, 11 hours rather than 8, for 25◦C.
For tube specimens, Fig. 3.10 compares the experimentally measured and predicted
specimen shape at different time points during recovery in water at 30oC. Fig. 3.11 plots
the shape fixity ratio defined in eq. (3.2) for both temperatures. The model prediction and
experimental measurements showed excellent agreement.
3.5 Conclusions
Thermally activated shape-memory polymers have been extensively investigated both
in experimental and modeling studies. However, the challenge of heating the SMP device
to an activation temperature restricts the use of these smart materials in biomedical applica-
tions. The solvent-driven shape-memory effect is a possible solution to this limitation. The
absorption of solvent in low concentration lowers the glass transition temperature allowing
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Figure 3.10: The momentary shape of stent samples in both experiments and simulation in
30◦C water bath



































Figure 3.11: The experimental and simulation results for recovery of stent specimens in
water
for athermal shape deployment. This process also changes the mechanical properties by
dramatically reducing the stiffness and strength. For devices designed to be mechanical
structures upon deployment, solvent absorption may significantly compromise the long-
term load-bearing capability of the device. In this work, we developed a constitutive model
to describe the effect of solvent on the thermomechanical properties of amorphous net-
works. The solvent increases the chain mobility by increasing the configurational entropy.
The result is a decrease in the relaxation time and Tg. We extended the Adam-Gibbs model
to describe this physical process. The model was implemented for finite element analy-
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sis and computational models were developed to study the isothermal recovery behavior
of specimens in air and water. The models also considered the diffusion process to accu-
rately represent the real recovery process. The model was able to predict quantitatively the
dramatic softening of the stress response of the saturated material and the time-dependent
solvent-driven shape recovery. The results show that the constitutive model developed here
is capable of describing the solvent-driven shape-memory effect. In biomedical applica-
tions, the SMP devices may be designed to assume a complex temporary shape and shape
recovery path. The present work can assist this design process by predicting the effect
of the shape-memory programming process and deployment conditions (e.g. temperature,
solvent) on the shape recovery process. The polymer investigated in this work only absorbs
low concentrations of solvent and the solvent-driven recovery time of the polymer is on
the magnitude of hours. In the future, we will investigate polymer systems capable of large
solvent absorption and rapid diffusion. This will require the development of a fully coupled
thermodynamic theory for the mechanical and diffusion processes.
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Chapter 4
An Effective Temperature Theory for the
Nonequilibrium Behavior of Amorphous
Polymers
This chapter will be submitted to Journal of the Mechanics and Physics of Solids, under
the title “An Effective Temperature Theory for the Nonequilibrium Behavior of Amorphous
Polymers", with T. D. Nguyen as co-authors.
In this chapter, we developed a thermomechanical theory that introduces the effective
temperature as a thermodynamic state variable representing the nonequilibrium configura-
tional structure to describe the influence of structural evolution on the inelastic behavior
and physical properties of amorphous polymers. The theory couples the evolution of the
effective temperature and internal state variables to describe the temperature-dependent
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and rate-dependent inelastic response through the glass transition. We applied the theory
to model the effect of temperature, strain rate, aging time, and plastic pre-deformation on
the uniaxial compression response and enthalpy change with temperature of an acrylate
network. The results showed excellent agreement with experiments and demonstrate the
ability of the effective temperature theory to explain the complex thermomechanical behav-
ior of amorphous polymers.
4.1 Introduction
Amorphous polymers exhibit a wide range of complex time-dependent and temperature-
dependent behavior, from elastic and rubbery to viscoplastic and glassy. The physical
properties of amorphous polymers are determined by the mobility of structural components
spanning multiple length-scales, and these can be observed macroscopically as temperature-
dependent relaxation processes occupying multiple time-scales. At high temperatures, the
polymer structures are mobile and can rearrange quickly in response to a mechanical load
or temperature change. The mobility decreases with the temperature, and cooling drives
an initially rubbery material out of equilibrium and induces the glass transition. The glass
transition is an inherently time-dependent process, and the glass transition temperature Tg
changes with the cooling rate. Slower cooling rates produce lower glass transition temper-
atures, because more time is available for the polymer structure to rearrange towards an
equilibrium configuration.31 Whether the glass transition temperature has an equilibrium
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limit is an open question. However, structural relaxation121 can be observed readily near
the glass transition as the time-dependent evolution of thermodynamic properties, such as
volume and enthalpy, to equilibrium.75, 90–93 The effect of structural relaxation can also be
observed in the mechanical behavior of glassy polymers as physical aging, where the flow-
resistance and yield strength increase with time.154 The structure of amorphous glasses can
be rejuvenated to a more mobile state by plastic deformation,93, 155 and mechanical rejuve-
nation is responsible for the strain-softening behavior following yield in polymer glasses.
Large plastic deformation also decreases the yield strength and erases the yield peak de-
veloped from structural relaxation.93, 95 In differential scanning calorimetry measurements
(DSC), structural relaxation produces an endothermic overshoot at the Tg, that increases
with annealing time corresponding to the yield strength. Large plastic deformation erases
the endothermic overshoot at Tg and induces a pre-Tg exothermic undershoot that increases
with plastic strain and corresponds to the post-yield strain-softening.29
Modeling the nonequilibrium behavior of amorphous polymers is important for fun-
damental studies of the glass transition and for practical applications, such as improving
manufacturing processes (e.g., hot embossing) and controlling material performance (e.g.,
shape memory behavior) that operate through the glass transition. Though viscoelasticity
and structural relaxation both arise from time-dependent structural rearrangements, they are
described by different theoretical approaches. The internal state variable thermodynamics
theory, introduced by Coleman and Gurtin156 has been applied successfully to model the
viscoelastic behavior of elastomers above the Tg124, 127, 157 and the viscoplastic behavior of
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glassy polymers below Tg.63, 64, 68, 71 The stress response is derived from a free energy den-
sity that depends on the total deformation and internal state variables describing the effects
of inelastic deformation. The theory provides a definition for the internal dissipation, and
temperature-dependent evolution equations are prescribed for the internal variables to guar-
antee positive dissipation. Additional structural variables, such as the yield strength, are
introduced and evolved with the plastic strain rate to model strain-softening.95, 158 Recent
efforts have applied the internal state variable theory to describe the glass transition,65, 71, 72
where temperature-dependent moduli are prescribed to describe the dramatic change in the
mechanical properties during the glass transition.
Tool122 introduced the fictive temperature approach for modeling structural relaxation
in glasses. In a cooling experiment, the fictive temperature Tf is defined as the equilib-
rium temperature from which the material is quenched to obtain a property at the current
temperature. Tool122 developed a nonlinear first order evolution equation for Tf towards
the equilibrium temperature T , where the relaxation time depends on T and Tf to account
for the changing structure of the glass. These features allowed the model to describe the
dependence of Tg on the cooling rate, asymmetry in the structural relaxation response to
cooling and heating, and hysteresis in the temperature dependence during a cooling-heating
cycle. Subsequent developments for polymers have produced more physical models for the
temperature- and structure-dependence of the relaxation time,39, 42, 76 and introduced a dis-
tribution of relaxation times96, 120, 159, 160 to describe the memory effects observed after mul-
tiple temperature treatments. Recent glass-rubber models have applied a fictive temperature
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dependence in the viscosities and plastic strain rate to describe physical aging and mechan-
ical rejuvenation of the yield and post-yield behavior of glassy polymers.45, 78, 79, 99, 106, 161
The ability of the fictive temperature concept to describe the nonequilibrium behavior
of glasses has motivated the development of nonequilibrium theories that recasts the fictive
temperature, renamed the effective temperature, as a thermodynamic state variable. The
central idea of effective temperature theories is the degrees of freedom of a glass can be
decomposed into a fast vibrational mode that equilibrates instantaneously and slow config-
urational modes that exist in a quasi-equilibrium state, characterized by an effective tem-
perature (see for example100–105). The fast and slow modes have different entropies and
internal energies, and can be thought as weakly interacting material subsystems.129 The
existence of an effective temperature as a thermodynamic state variable that is connected
to the configurational entropy is supported by molecular dynamics simulations of an ag-
ing glass system,162, 163 simulations of athermal systems,164, 165 and granular systems.166
The issue of whether the effective temperature is a true thermodynamic state variable is
far from settled, and Leuzzi104 provides an in-depth discussion of the distinction between
the fictive and effective temperature concepts. Recent models of inelastic deformation in
amorphous materials have integrated the effective temperature and internal state variable
frameworks.129, 167, 168 Bouchbinder and Langer extended the shear transformation zone
theory to describe the linear rate-dependent behavior and the Kovacs memory effect169, 170
of polymer glasses. Karmin and Bouchbinder171 developed a two-temperature thermome-
chanical theory, that explicitly considers the interaction of two thermodynamic subsystems,
119
CHAPTER 4. AN EFFECTIVE TEMPERATURE THEORY FOR THE
NONEQUILIBRIUM BEHAVIOR OF AMORPHOUS POLYMERS
and showed that the theoretical framework can produce a wide range of nonequilibrium de-
formation behavior of amorphous materials.
In this work, we develop an effective temperature theory for the coupled thermome-
chanical behavior of amorphous polymers. We adopt the basic idea that the behavior of
the glass can be decomposed into fast kinetic processes at the equilibrium temperature and
multiple slowly evolving configurational processes at different effective temperatures. The
concept of multiple configurational processes are introduced to accurately represent the
broad relaxation spectrum of polymers. The kinetic and configuration processes are char-
acterized by different internal energies, entropies, heat flux, and entropy flux, the sum of
which gives the properties of the system. We begin by decomposing the balance of energy
into sub-balances for the kinetic and configurational subsystems, which requires introduc-
ing heat conduction between the subsystems. This approach was first applied by Kamrin
and Bouchbinder,171 and results in an energy balance for the configurational subsystems
that describes mechanical rejuvenation and configurational temperature diffusion. The en-
ergy sub-balances are applied to develop a reduced entropy inequality that constrains the
constitutive relations for heat conduction and internal state variables. We applied the the-
ory to describe the thermomechanical behavior of an acrylate thermoset using parameters
previously determined from standard dynamic mechanical analysis and isothermal uniaxial
tensile experiments.45, 78, 106 The results showed that the effective temperature theory was
able to reproduce the temperature-dependent stress response through the glass transition
and the effects of physical aging and mechanical rejuvenation on the yield strength of the
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glass, without introducing additional structural variables. Calculations of the rate of en-
thalpy change shows the appearance of an endothermic overshoot at the Tg with physical
aging as observed in experiments. Moreover, large inelastic work erased the endothermic
overshoot and created an exothermic undershoot before Tg. The effective temperature ther-
modynamics theory provides a unifying framework to model the wide range of nonequilib-
rium behavior of amorphous polymers across the glass transition.
4.2 Methods
4.2.1 Nonequilibrium Thermodynamic Framework
We begin with the basic definition of a continuum deformation field, x = ϕ (X), which
uniquely maps points X in the undeformed material configuration to points x in the de-
formed spatial configuration. The deformation gradient is defined as, F = ∂ϕ/∂X. To
describe the time-dependent inelastic deformation of polymers, we decompose the defor-





For simplicity, we do not consider the effect of thermal deformation in the kinematic de-
scription, which was incorporated in previous constitutive developments.45, 78, 106 The total
and elastic right Cauchy-Green deformation tensors describing the stretch of material lines
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The local first law of thermodynamics can be written for the reference configuration as,
ė = S :
1
2
Ċ − ∇X ·Q, (4.1)
where S is the second Piola-Kirchhoff stress tensor, Q is the nominal heat flux, and e is
the internal energy density of the reference configuration. Next, we apply the fundamental
postulate that the behavior of the glass can be separated into fast kinetic and slow config-
urational processes. The configurational processes have different characteristic relaxation
times, which cause them to fall out of equilibrium at different states and have different ef-
fective temperatures, Tei . Consequently, the entropy, internal energy and heat flux can be
decomposed into kinetic and multiple configurational contributions as,
η = ηk +
P∑
i









The Helmholtz free energy density of the system is defined as,











The free energy density Ψ
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and M additional internal variables A j to describe various inelastic deformation mecha-
nisms (e.g, orientation hardening). The first law can be expressed in terms of the free-
energy density by combining eqs. (4.1)-(4.3) as,








∇X · Qci = S :
1
2
Ċ − ηkṪ −
P∑
i
ηci Ṫei − Ψ̇. (4.4)
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The time-derivative of the free energy density describes the change in the thermodynamic




















∂A j : Ȧ j is the internal power from inelastic behavior. From the
decomposition of Ψ in eq. (4.3), the internal power can be partitioned into kinetic and





. At equilibrium, Tei = T and
W int = 0, and the stress and entropy can be defined from the free energy density as,
S = 2 ∂Ψ∂C , η




. Applying these results to eq. (4.4), we can eliminate


















We now make the following assumptions. 1) Heat Qkc
i
flows between the kinetic and con-
figurational subsystems and allows Tei to equilibrate with T .
171 2) The configurational
subsystems are weakly coupled; thus heat does not flow between the P configurational
subsystems. Moreover, ηc
i
only depends on T e
i
, deformation and internal variables, and ηk
only depends on T , deformation, and internal variables. These assumptions allow the first
law to be split into energy balances for each subsystem as,














, i = 1...P.
(4.6)
123
CHAPTER 4. AN EFFECTIVE TEMPERATURE THEORY FOR THE
NONEQUILIBRIUM BEHAVIOR OF AMORPHOUS POLYMERS
Expanding η̇ andW int gives the governing equations for T and Tei ,
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H in,k
(4.7)






































where cg = −T ∂
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∂2T















is the thermo-inelastic coupling term.




∆ciṪei = −∇X ·Q +W
int +H e +H in (4.9)
Equation (4.8) describes the effects of mechanical rejuvenation, where mechanical defor-
mation drives the evolution of the nonequilibrium structure through the internal inelastic
power and thermomechanical coupling. The theory also provides an explanation for the
partial conversion of the plastic work under adiabatic conditions to heat as measured by
the temperature rise Ṫ . This phenomena is observed for all materials but is particularly
pronounced in polymers, where the fraction of plastic work converted to heat can reach
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0.4-0.9.99, 172 Equation (4.9) shows that the remainder is diverted to structural evolution
through Ṫei .
The second law can be written for the reference configuration as,
η̇ + ∇X ·H ≥ 0. (4.10)












































Motivated by the physical observation of heat flow, we require that each term in eq. (4.12)





Qkci ≥ 0, −
1
T 2

















These provide constraints for constitutive relations for the heat flux and evolution equations
for the internal variables Fv
j
and A j .
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4.2.2 Constitutive Models for Amorphous Networks
In the following, we demonstrate using simple constitutive functions the ability of the
effective temperature theory to describe the glass transition, physical aging, and mechanical
rejuvenation of an amorphous crosslinked network. For moderate deformations, we apply
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are the isochoric parts of the total and elastic deformation tensors. The param-
eters κ is the bulk modulus, µneq
j
are the shear moduli of the N inelastic processes, and T2
is Kauzmann temperature. We have assumed a partitioning of the inelastic internal energy,
where 0 ≤ 1−a ≤ 1 describes the fraction of the total inelastic internal energy attributed to
the kinetic subsystem. To reduce the number of parameters, we also assume that the excess
heat capacity ∆c and a have the same distribution over the P configurational processes,
such that ∆ci = φi∆c and ai = φia, where
∑P
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When polymer structure is at equilibrium, Tei = T , the above function reduces to the
simplest form of Helmholtz free energy density, which is widely adopted in classic ther-
modynamic theories.?, 174








































and the Cauchy stress σ = 1
J





































































which is symmetric for an isotropic free energy density. Thus the internal power can be
written as W int =
∑N












is the inelastic rate of de-
formation tensor. We previously developed a flow rule for the inelastic deformation that
combines the39 and77 theory to describe the dramatic change in the relaxation time through























The intrinsic viscosities are required to be positive, υre f
j
> 0, to satisfy the dissipation
criteria in eq. (4.13). The parameter B is a thermal activation energy andVS is a mechanical
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3M j : M j)
1/2, rather than the flow stress of each inelastic process. The latter
requires introducing a spectrum of activation volumes, which would dramatically increase
the number of parameters.
To satisfy the entropy inequality caused by heat flux in eq. (4.13), we adopt a linear






, Qk = −kgC−1∇XT , Qci = −∆kiC
−1∇XTei , (4.20)
where Ai ≥ 0 is the conductivity between the kinetic and each configurational subsystem,
kg and ∆ki are the corresponding coefficients of thermal conductivity in kinetic subsystem
and configurational subsystems.
Combining eq. (4.7), (4.8), (4.14) and (4.20) gives the governing equation for T and
Tei ,
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In the following simulations, we assume isothermal condition, where Ṫ = 0, and neglect
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where τi = ∆ci/Ai is the structural relaxation time, which we describe using the Adam-
Gibbs model.39We have assumed that the viscosities υ j in (4.19) and τi share the same






confirmed this assumption experimentally in a previous work for the acrylate networks
used in this study.106 More generally, τi can depend on the entropy of each configurational
subsystem, which would permit introduction of a spectrum of activation energies Bi , but
this would dramatically increase the number of parameters.
In summary, the inelastic behavior of the polymer network is described by two sets of
state variables, a distribution of effective temperatures, Tei , describing the nonequilibrium
configurational structure and characterized by the structural relaxation spectrum (τi , φi),
and a distribution of inelastic deformations, Fv
k







. No additional internal variables are used to describe inelastic behavior.
4.2.3 Experimental Methods
The materials adopted for this study was a tert-butyl acrylate (tBA), poly(ethylene gly-
col) dimethacrylate (PEGDMA) and di(ethylene glycol) dimethacrylate (DEGDMA) ran-
dom copolymer crosslinked network, with 10 wt% PEGDMA-DEGDMA (XLS) crosslink
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density. In previous work, we performed two sets of experiments to obtain the viscoelas-
tic relaxation and structural relaxation spectra. Specifically, the dynamic frequency sweep
tests at different temperatures were adopted to measure the viscoelastic relaxation behav-
iors. The isothermal volumetric relaxation tests were employed to obtain the structural
relaxation spectrum. The synthesis procedures and experimental methods to obtain the pa-
rameters were described in detail in Nguyen et al.78 and Xiao et al.106 In this work, we
performed a DSC experiment to obtain the heat capacity and a series of uniaxial compres-
sion experiments to validate the constitutive model.
4.2.3.1 DSC
Differential scanning calorimetry is adopted here to obtain the excess heat capacity.
Film specimen of 6 mg is heated from -10oC to 80oC at 10oC/min with a TA Q20 differen-
tial scanning calorimeter. The specimen was then cooled to -10oC within 20 minutes. The
specimen was heated again from -10oC to 80oC at 10oC/min.
4.2.3.2 Uniaxial compression
To validate the model, we performed uniaxial compression tests on cylindrical speci-
mens with both diameter and length 6 mm. The specimens were first heated to 70oC and
held for 30 min to remove the effects of physical aging. The specimens were then either
quenched in 20oC water for 5 min or cooled to 20oC at 3oC/min, and annealed for 30 min,
1 day or 14 days in an incubator. The specimens were transferred to an MTS Insight 5
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electromechanical testing system, equipped with a temperature chamber set at 20oC, and
subjected to two load-unload cycles with different annealing times between each cycle. In
the first cycle, the specimen was compressed to 30% engineering strain at 0.001/s or 0.01/s
strain rate and unloaded. The compressed specimen was annealed at 20oC for 1 min, 10
min, 1 day or 14 days before being compressed again by an addition 15% engineering
strain at 0.001/s or 0.01/s. In addition to 20oC, the specimens were also cooled to 60oC and
40oC at 3oC/min, and annealed for 30 min. The specimens were then compressed to 30%
engineering strain at 0.001/s or 0.01/s.
4.3 Parameter Determination
The material parameters for the tBA-co-XLS networks with 10wt% crosslinking agents
are listed in Table 4.1. This material has a glass transition temperature around 36oC. For
convenience, we first rewrite the Adam-Gibbs model at Tg.
The explicit form of the configurational entropy can be calculated by substituting the























































, i = 1 : P. (4.25)
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Table 4.1: Parameters of the constitutive model for the polymer-solvent system.
Parameter Values Physical significance
µeq (MPa) 0.53 equilibrium shear modulus
κ (MPa) 1333.3 bulk modulus
VS(cm3/mol) 897.5 activation volumen for viscous flow
B(J/g) 258.1 thermal activation energy
T2(K ) 276.5 Kauzmann temperature
Tg(K ) 309 glass transition temperature
T0(K ) 348 reference temperature
cg (J/(gK)) 1.2 heat capacity of kinetic subsystem
∆c (J/(gK)) 0.25 excess heat capacity of configurational subsystems
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Combing the above equation with eq. (4.19) and (4.23) yields the viscosity and structural
relaxation time at any arbitrary temperature T, effective temperature Tei and deformation
as,

















 BTηc (Tei ,C) − BTηc (Tg , I)
 . (4.26)

















the following parameters also need to be determined: T2, B, µeq, κ, VS, ∆c and a.









, equilibrium modulus µeq and bulk
modulus κ were determined from the master curve of the storage modulus, measured for
small strains near the Tg using a substitute continuous relaxation spectrum model.106, 131
The parameter B and Kauzmann temperature T2 were determined from the temperature de-








was determined from the master curve of the un-
constrained (stress-free) volume recovery response to a sudden temperature change.79, 106
We’ve assumed that same distribution of structural relaxation times can be used to describe
enthalpy and volume recovery. The activation volume VS was fit to the difference in the
yield strength measured at two strain rate 0.01/s and 0.001/s at T = 20◦C. DSC experi-
ments were used to determine the excess heat capacity ∆c of configurational subsystems
and heat capacity of the kinetic subsystem cg (Fig. 4.1). The heat capacity has a slight tem-
perature dependence. For simplicity, we assumed a constant value for heat capacity. The
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Figure 4.1: DSC scan of the undeformed specimens
remaining parameter a controls the rate of strain softening. We assumed a = 0.5 for sim-
plicity. The viscoelastic and structural relaxation spectrums at glass transition temperature




















































Figure 4.2: Relaxation spectrum of of tBA-co-XLS networks with 10 wt% crosslinker
(a)viscoelastic spectrum, (b) structural relaxation spectrum
We choose N = 20 and P = 20 to accurately represent both stress and structural re-
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laxation spectrums. The choice of the number of effective temperatures P and internal
inelastic deformation N is a trade-off between accuracy and computational cost. We per-
formed a parameter study that evaluated the error associated with the choice of N and P.
Results showed that decreasing the number of discrete processes to N = 12 and P = 12
did not significantly increase the error. A further reduction would result a non-smooth fit
to the whole region of master curve. The number of relaxation processes for viscoelastic
relaxation and structural relaxation do not need to be set as equal. Currently we are im-
plementing the model into finite element code to simulate the inhomogeneous thermal and
mechanical conditions involving large number of elements which may require developing
an efficient algorithm to reduce the number of internal variables.
4.4 Results and Discussions
To validate the model, we performed uniaxial compression tests on cylindrical speci-
mens of the tBA-co-PEGDMA material with 10 wt% cross-linker density andTg = 36◦C.106
The specimens were first heated to 70 oC and held for 30 minutes to remove the effects of
the physical aging. The specimens were then either quenched in 20 oC water for 5 min-
utes or cooled to 20 oC at 3 oC/min, and annealed for 30 minutes, 1 day or 14 days in an
incubator. The specimens were transferred to an MTS electromechanical testing system,
equipped with a temperature chamber set at 20 oC, and subjected to two load-unload cycles
with different annealing times between each cycle. In the first cycle, the specimen was
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compressed to 30% engineering strain at 0.001/s strain rate and unloaded. The compressed
specimen was annealed at 20 oC for 1 minute, 10 minutes, 1 day or 14 days before being
compressed again by an addition 15% engineering strain at 0.001/strain. In addition to 20
oC, the specimens were also cooled to 60 oC and 40 oC at 3 oC/min, and annealed for 30
minutes. The specimens were then compressed to 30 % engineering strain at 0.001/s or
0.01/s.
Figure 4.3 plots the uniaxial compression response at different temperatures spanning
the glass transition for strain rates 0.01/s and 0.001/s. The model was able to capture the
transition from a rubbery viscoelastic response to a glassy viscoplastic response, charac-
terized by a yield peak and dynamic softening, with decreasing temperature. Moreover, it
accurately described the effect of strain rate on the temperature-dependent stress response
through the glass transition.
Figure 4.4 compares experimental and simulation results for the uniaxial compression
response for two consecutive load-unload cycles for different annealing times before the
first loading and 1 minute annealing time before the second loading. The yield strength
of the first compression response increased with the prior annealing time, while the steady
state flow stress was independent of the annealing time. The stress response of the second
compression all collapsed onto a single curve, which indicated that the large inelastic de-
formation of the prior loading erased the thermal history. Figure 4.5 plots the experimental
and simulation results of specimens annealed at different time before the second compres-
sion. The yield strength increased with annealing time, indicating renewed physical aging
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Figure 4.3: Uniaxial compression response of tBA-co-PEGDMA with 10 wt% crosslinker
at different temperatures spanning the glass transition region for applied engineering strain
rates (a) 0.01/s and (b) 0.001/s.
after cessation of deformation. The experimental and modeling predictions of the yield
strength of the first and second uniaxial compression response agreed well for different
prior annealing times. The model also accurately predicted the strain recovery during the
second annealing period. Figure 4.6 compares the yield strength of the first and second uni-
axial compression response for different prior annealing times. The results demonstrated
good agreement between experiments and simulation.The largest discrepancy occurred for
second compression cycle with a prior 1 minute annealing time, where the yield strength
predicted by the model was 6 MPa smaller than measured by experiments. We believed
that the discrepancy occurred because the model did not take into account the effect of
orientation hardening, which was evident in the experiments after 20% strain.
Finally, we simulated the DSC response of quenched and annealed (30 minutes) speci-
137
CHAPTER 4. AN EFFECTIVE TEMPERATURE THEORY FOR THE
NONEQUILIBRIUM BEHAVIOR OF AMORPHOUS POLYMERS


















































































































Figure 4.4: Uniaxial compression response of tBA-co-XLS networks with 10 wt%
crosslinker for two load-unload cycles and different annealing times prior to the first cycle
and 1 min annealing time prior to the second cycle, comparing (a) 0.001/s experiments, (b)
0.001/s simulations, (c) 0.01/s experiments and (d) 0.01/s simulations.
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Figure 4.5: Uniaxial compression response of tBA-co-PEGDMA with 10 wt% crosslinker
for two load-unload cycles at 0.001/s strain rate and 30 minutes annealing times prior to the
































Figure 4.6: Yield strength of the uniaxial compression response for different prior annealing
time
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Figure 4.7: Simulation results of DSC for annealed and quenched specimens before and
after deformation
mens before and after 30% compression. Results for the enthalpy change with temperature
for all cases shown in Fig. 4.7 captured the features of physical aging and mechanical reju-
venation reported by experiments for amorphous polymers.29 Prior to plastic deformation,
annealing caused the appearance of an endothermic overshoot Tg. This feature was absent
from the quenched condition. Plastic deformation by 30% compression erased the effects
created by the prior thermal history, resulting in identical DSC curves for the quenched and
annealed conditions. Moreover plastic deformation removed the endothermic overshoot
after Tg and created an exothermic undershoot before Tg.
We have developed a coupled thermomechanical model for the nonequilibrium behav-
ior of amorphous materials, that strongly couples structural evolution and inelastic de-
formation. The material structure is described conceptually as configurational degrees of
freedom, characterized by a distribution of effective temperatures, trapped in a nonequi-
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librium state by slow molecular motions. The evolution of the configurational subsystems
towards a less mobile state brings about the tremendous increase in the stiffness of the glass
transition and the appearance of yielding and plastic deformation. The yield strength for a
particular temperature and strain rate is determined by the nonequilibrium structure; thus
longer annealing times result in more resistance to plastic flow and higher yield strengths.
The internal plastic work in turn drives the configurational subsystems towards a more mo-
bile state, and produces the post-yield strain-softening behavior typical of glassy polymers.
The theory predicts the appearance of a steady-state flow stress from the balance of internal
plastic work and heat conduction between the kinetic and configurational subsystems. In
previous constitutive developments, this phenomena was described as an evolution of the
yield strength sy with the plastic strain rate to a steady-state value.106, 149 This resulted in
a steady-state flow stress that depends on the thermal history, which is contrary to experi-
mental observations.
We have made a number of strong assumptions in applying the thermomechanical the-
ory to the tBA-co-PEGDMA random copolymer network. The relaxation time and the
viscosity of each structural and stress relaxation process were assumed to have the same
dependence on the temperature and the total configurational entropy. Moreover, we as-
sumed that the distribution of configurational properties, such as the heat capacity ∆c and
fraction of stored plastic work a, were identical. These assumptions minimized the number
of model parameters and facilitated parameter determination from experiments. Compar-
ing the simulation and experimental results for the uniaxial compression tests showed that
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the assumptions were appropriate for tBA-co-PEGDMA. However, more work is needed
to validate the modeling assumptions for other amorphous materials and for applications
far below the glass transition temperature. We are currently investigating the ability of the
model and model parameters determined from thermomechanical experiments to predict
the effect of deformation and temperature history on the enthalpy (e.g, Fig. 4) and other
physical properties. The results will provide further insight on the thermodynamic nature
of the effective temperatures and limitations of the current modeling framework. We also
plan to investigate the ability of the model to capture the effect of structural evolution on
the heat generation at different strain rates and the effect of effective temperature diffusion
on the development of heterogeneous strain fields and strain localization.
In conclusion, we have developed a thermodynamically consistent theory for coupling
structural evolution and inelastic deformation for amorphous polymers. We have shown
that with the appropriate constitutive relations for the temperature-dependence and structure-
dependence of the viscosities governing inelastic flow and structural relaxation times, the
effective temperature theory can capture a wide variety of nonequilibrium behaviors. The
theory has the practical benefit of dramatically reducing the number of model parame-
ters. We were able to use the same stress and structural relaxation spectrum and activation
energies to reproduce the rate-dependence and time-dependence of the high temperature
viscoelastic behavior, low temperature viscoplastic behavior, physical aging, and mechan-
ical rejuvenation for an acrylate network. This provides an efficient predictive modeling
tool for applications spanning a large temperature range, such as for material processing
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and shape memory behavior, long times, and dynamic events.
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Conclusions and Future Work
This work has developed constitutive models to describe the thermomechanics and
shape memory performance of amorphous polymers spanning the glass transition. The
models incorporate stress relaxation, structural relaxation, mechanical rejuvenation, and
plasticization effect. The models capture all the main characteristics of amorphous poly-
mers over a wide temperature region, including the entropy-driven hyperelasticity above
the glass transition region, the time and temperature dependent viscoelastic behaviors in
the glass transition region, and the viscoplastic performance with yielding and strain soft-
ening below the glass transition region. These models have shown the ability to describe
the thermally-activated and solvent-driven shape memory behaviors. To characterize the
polymers, both thermomechanical experiments and shape memory recovery experiments
were performed. Experiments were also developed to obtain the model parameters.
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5.1 Summary of this Work
Chapter 2 developed a constitutive model for the thermally-activated shape memory
effect. The model employed multiple discrete relaxation processes for stress relaxation,
structural relaxation and stress-activated viscous flow. The model parameters were obtained
through the dynamic frequency sweep tests, isothermal volumetric recovery tests and uni-
axial compression tests. The model was applied to study the influence of deformation tem-
perature on the partial constraint recovery and fixed-strain recovery tests. The simulation
results accurately predicted the recovery region and recovery ratio of the partially constraint
recovery tests as shown in experiments. The model also captures the strain overshoot of
specimens programmed below Tg, which is caused by the distribution of relaxation times.
For fixed-strain recovery experiments, the simulations show the specimens programmed
below TG exhibit significantly larger stress overshoot than specimens programmed above
Tg, which is consistent with experimental observations. The stress overshoot is caused
by the mechanical strain recovery for cold-programmed samples. In contrast, the stress
overshoot for hot-programmed specimens is caused by the constrained thermal expansion,
which is significantly smaller than the viscoelastic strain recovery.
In Chapter 3, a constitutive model was developed to investigate the influence of low
solvent concentration on the mechanical properties and shape memory performance. The
Adam-Gibbs model was extended to describe the decrease in the relaxation time due to
the increase in configurational entropy through mixing. The diffusion process was also
incorporated into the model. The constitutive model was implemented for finite element
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analysis. A staggered iterative scheme was applied to solve the mechanical and diffusion
problems. To verify the model, an acrylate-based copolymer was synthesized. The dif-
fusion tests and frequency tests of dry and saturated specimens were employed to obtain
the model parameters. The model with the obtained parameter is able to predict the tran-
sition from the viscoplastic stress response of dry specimens to the viscoelastic response
of saturated specimens in the uniaxial tension tests. The simulation results on the shape
recovery of film specimens and tube specimens in water also show good agreement with
the experimental observations. From this it was concluded that the solvent-driven shape
memory recovery is caused by the plasticization effect of solvents.
In order to describe the strain softening behaviors, the models in Chapter 2 and 3,
adopted a phenomenological evolution equation of the yield strength to a steady-state value
with plastic strain rate. This results in a steady-state flow stress that depends on the thermal
history, which contradicts experimental observations. These models can not be directly
employed to explain the mechanical rejuvenation phenomena. In Chapter 4, a thermome-
chanical model that couples structural evolution and inelastic deformation was developed
to describe both physical aging and mechanical rejuvenation. The polymers are assumed
to be composed of the fast relaxation kinetic subsystem which is always in equilibrium and
slow relaxation configurational subsystems which fall out to the equilibrium at low temper-
atures. Physical aging is caused by the structural evolution of configurational subsystems
towards a less mobile state, while the mechanical rejuvenation is caused by the internal
plastic work that drives the configurational subsystems towards a more mobile state. The
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model is verified by the measured stress-strain response of samples at different tempera-
tures, strain rate, aging time and pre-deformation. The model can also describe the enthalpy
change of specimens with different thermal history and mechanical deformation. The sim-
ulation shows that the physical aging can result in an endothermic overshoot and that large
elastic work can erase the appearance of the endothermic overshoot and create another
exothermic undershoot, which are all observed in experiments. This model shows the pos-
sibility of providing a unified theory with a minimum set of parameters for a wide range
of nonequilibrium behaviors, that are typically treated as separate phenomena in current
modeling approaches.
The model developed in the Chapter 4 studies the general physical properties and me-
chanical response of amorphous polymers. It can also be applied to model the thermal and
solvent-driven shape memory effect. For the partially constraint recovery tests of speci-
mens programmed blow Tg, the model in Chapter 2 predicted a 5-10oC higher activation
temperature and a larger strain overshoot. By introducing the coupling between structural
evolution and inelastic deformation, the model in Chapter 4 can improve the prediction
of the shape memory recovery performance of cold deformation specimens. The coupled
thermal-mechanical model can also be implemented into finite element code to incorporate
the heat conduction in the specimen and heat flux between the specimen and environment.
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5.2 Key Contributions to Polymer Physics
The work includes the following contributes to the fundamental understanding of the
polymer physics,
1. A detailed experimental method was developed for obtaining the structural re-
laxation spectrum. The broad distribution nature of the structural relaxation pro-
cesses makes it difficult to obtain the spectrum in one single test. Thus the consec-
utively isothermal volumetric recovery tests were designed to obtain the structural
relaxation spectrum. The relaxation tests at high temperatures provide the informa-
tion for relaxation processes with large relaxation time, while the relaxation tests
at low temperatures provide the information for relaxation processes with small re-
laxation time. This method can also be applied to obtain the structural relaxation
spectrum corresponding to changes in pressure.
2. The stress and structural relaxation time can be described by the same temper-
ature and structure dependence shift factor for the acrylate random copolymer
system. It was demonstrated the individual volumetric relaxation test can be shifted
to form a master curve through adopting the same shift factor from the viscoelastic
relaxation tests. The shift factor for the stress relaxation can be obtained through the
standard time-temperature superposition of small strain viscolelastic tests. In con-
trast, the shift factor of structural relaxation is difficult to obtain from standard tests.
This finding shows that the shift factor for both relaxation processes can be obtained
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through one single test.
3. Solvent-driven shape memory effect originates from the plasticization effect. In
this work, the configurational entropy theory was adopted to describe the depres-
sion of the glass transition temperature by solvent introduced plasticization effect.
The model parameters were obtained through superposition of the storage modulus
of saturated specimens to the master curve of the storage modulus of the dry speci-
mens. This approach can be extended for other theories (free volume, for example)
to simulate the shape memory recovery in solvents.
4. Physical aging and mechanical rejuvenation can be described by one single set
of parameters for the acrylate random copolymer system. This work provides a
unified framework to model the influence of thermal history and mechanical defor-
mation on the stress-strain and enthalpy response, which is important for the appli-
cations of amorphous polymers as structural materials. The work also shows that the
origin of strain softening is structural rejuvenation.
5.3 Limitations of this Work
Though these models have achieved considerable success in describing the shape mem-
ory performance of amorphous polymers and the general thermomechanical behaviors of
amorphous polymers, some limitations of these models should be acknowledged. First,
the current models are limited to moderate strains (less than 30%). In the rubbery state,
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the Arruda-Boyce eight chain model is able to describe the stress strain response over a
wide strain region. However, the Arruda-Boyce model is inadequate to capture the tem-
perature and strain rate dependent strain hardening behaviors below Tg, which shows strain
hardening modulus increases with decreasing temperature and increasing strain rate. The
model developed in the Chapter 3 adopted the modified Adam-Gibbs model to incorporate
the solvent effect into the model by assuming the solvent does not influence the configu-
rational entropy of the dry polymer systems. This assumption may only be valid for the
polymer-solvent systems with limited swelling ability. Thus the model can not be applied
to investigate the shape memory recovery of polymers in organic solvent, which involves
large solvent concentration. The diffusion of the solvent in the polymer systems is mod-
eled by the Fick’s law, which may also fail to explain the diffusion behaviors of organic
solvent in amorphous polymers. For the model developed in Chapter 4, it is assumed that
a constant fraction of viscous dissipation flows into the configurational subsystems. This
assumption needs to be verified over a wide range of strain rate and temperature.
5.4 Future Directions
Future directions include further improvement on the current models and the applica-
tions of the models to describe new experimental observations. The main future directions
are listed as following,
1. The current work can be extended for thermoplastic amorphous polymers. The work
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mainly focuses on the amorphous thermoset with chemically cross-linked networks.
Compared with the structures of thermosets which are formed through strong chem-
ical bonds, the polymer chains of thermoplastic associate through the intermolecular
forces. Thus at high temperatures the thermoplastic can be reshaped. When thermo-
plastic is adopted as shape memory polymers, the recovery performance is accompa-
nied by some unrecoverable strain. The model developed in Chapter 2 can be modi-
fied to model the shape memory behaviors of the thermoplastic amorphous polymers,
including the influence of deformation temperature, holding time, and cyclic tests on
the shape memory performance.
2. The plasticization model developed in Chapter 2 can be improved to describe high
solvent concentration. The dependence of the relaxation time on large solvent con-
centration needs to be defined through general polymer solution theories and verified
through the experimentally measured dynamic response of polymers with various de-
grees of solvent concentration. A fully coupled chemo-mechanical model can also be
developed. The energy change from mixing polymer and solvent needs to be incor-
porated into the total free energy, and the diffusion equation for the solvent species
needs to be derived from thermodynamics. The model can be further extended to
describe the mechanical behaviors of the gels. Most of current gel models assume
the dry gels are in their rubbery state. But various gels are in the stiff glassy state
at room temperature. As gels swell, the solvent decreases their viscosity. Thus the
viscoelastic and viscoplastic effect needs to be included to fully describe the complex
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swelling and deformation behaviors of gels.
3. The structural relaxation spectrum in this study is obtained through isothermal vol-
umetric relaxation tests. In Chapter 4, the enthalpy structural relaxation spectrum is
assumed to have the same shape as the volumetric relaxation spectrum. New exper-
imental procedures need to be designed to obtain the enthalpy structural relaxation
spectrum from DSC data. The constitutive model developed in Chapter 4 together
with new obtained structural relaxation spectrum can be applied to study the enthalpy
measurements of amorphous polymers with different thermal history (cooling rate,
aging time) and mechanical deformation (strain).
4. The model developed in Chapter 4 can be applied to simulate the thermomechanical
coupling of glassy amorphous polymers. The model needs to be implemented into
finite element program by writing a user-defined element subroutine. In Appendix B,
the detailed procedure of implementation is provided. The model can then be applied
to study the influence of strain rate and thermal history on heat generation. The in situ
surface temperature measurement tests need to be performed by an infrared camera
to verify the model. The model can also be employed to study the strain localization
behaviors of amorphous polymers due to inhomogeneous in geometry and thermal
history .
5. Strain hardening can be incorporated into the thermomechanical models. The nonequi-
librium thermodynamic framework developed in Chapter 4 can be extended to incor-
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porate the strain hardening effect. Internal parameters will be defined to describe the
chain orientation. The evolution equations will be derived based on thermodynam-
ics. The model can be applied to study the influence of temperature, strain rate and
pre-deformation on the strain hardening behaviors. The model can also be employed




Modeling Multiple Shape Memory and
Temperature Memory Effects in
Amorphous Polymers
This appendix has been reprinted from R. Xiao, J. Guo and T. Nguyen, “Modeling
the multiple shape memory effect and temperature memory effect in amorphous polymers
", RSC Advances, 2015, 5, Pages 416-423, with permission from The Royal Society of
Chemistry.173
In the previous chapter, we investigated the shape memory behaviors of acrylate-based
polymers. These polymers exhibit a glass transition region spanning 15oC-30oC. The
fractional damping model was adopted to obtain the relaxation spectrum with reasonable
accuracy. For polymers with extreme broad glass transition region, the fractional damping
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model was not able to accurately fit the master curve. Thus an alternative method needs to
be developed to obtain the relaxation spectrum. In this appendix, we presented a method for
measuring the broad relaxation spectrum of Nafion, which has a glass transition spanning
from 50oC to140oC. We applied a finite deformation, nonlinear viscoelastic model with
the obtained spectrum to study the multiple shape memory effect and temperature memory
effect of Nafion.
A.1 Methods
Nafion R© PFSA membrane with equivalent molecular weight 1100 was purchased (Dupont,
Wilmington, DE, USA) and cut into strips of dimensions 15 mm×5 mm×0.25 mm for
dynamic mechanical analysis (DMA) measurements described below. Prior to the DMA




Stress relaxation experiments were performed using the DMA Q800 (TA Instruments,
New Castle, DE, USA). The Nafion strips were equilibrated at 190oC for 15 minutes and
then cooled to 40oC in 6◦C increments. The specimens were equilibrated at each test tem-
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perature for 15 minutes, then subjected to a 0.4% strain and held for 20 minutes for stress
relaxation. The relaxation modulus as a function of time was measured at each temperature
and then shifted to the reference temperature, T0 = 160oC, using the method described in
Ferry.27 This procedure provided a master curve of relaxation modulus, which was used
to determine the parameters of the viscoelastic relaxation spectrum and the temperature-
dependence shift factor a (T ).
A.1.1.2 Dynamic Temperature Sweep:
The dynamic temperature sweep test was used to measure the temperature dependent
storage modulus, loss modulus and tanδ of the Nafion strips. The specimen was equili-
brated at 20oC for 20 minutes and then heated to 180oC at 1oC/min. A 0.4% dynamic
strain applied at 1 Hz at each temperature to measure the dynamic mechanical properties.
A.1.2 Shape Recovery Experiments
A.1.2.1 Temperature Memory:
The DMA Q800 was also used to measure free recovery response of Nafion strips pro-
grammed at different deformation temperatures, 155oC, 120oC and 85oC. The specimens
were equilibrated at the deformation temperature for 15 minutes, then stretched to 50% en-
gineering strain in two minutes. The specimens were cooled to 40oC at 3oC/min at constant
strain and held isothermally for 5 minutes to fix the temporary shape before unloading. To
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recover the permanent shape, the strips were heated to 180oC at 1oC /min. The displace-
ment of the strips were measured using the zero force mode of the Q800. We chose a
relative low cooling and heating rate to reduce the influence of heat conduction on the
shape memory performance.
A.1.2.2 Multi-staged Shape Recovery:
To investigate the influence of the recovery temperature, the specimens were stretched
to 80% engineering strain at 155oC and cooled to 40oC. To recover the permanent shape,
the specimens were heated in discrete steps at 3oC /min. The temperature steps were 40oC,
100oC, 120oC, 140oC and 160oC. The specimens were held for 20 minutes at each step
and the displacement was measured under zero force mode.
A.1.2.3 Dual Programming Shape Recovery:
We performed a two-step shape memory programming test. The specimen was equili-
brated at 155oC (the first programming temperature) for 15 minutes and stretched to 40%
engineering strain. The specimen was cooled to 120oC (the second programming temper-
ature) at 3oC/min and held for 5 minutes at isostrain condition. The specimen was then
stretched another 40% engineering strain before cooling to 40oC at 3oC/min to fix the
temporary shape. To recover the permanent shape, the specimens were heated to 170oC
at 1oC/min under zero force mode. The experiment investigated two additional sets of
programming temperatures: (155oC, 85oC) and (120oC, 85oC).
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A.2 Numerical Modeling
A.2.1 Constitutive Modeling
A finite deformation, nonlinear viscoelastic model with multiple parallel relaxation
mechanisms was used to describe the shape memory behavior of Nafion. The deformation
gradient F is defined to map a point in the reference undeformed configuration to a point in
the current deformed configuration. To describe viscoelasticity, the deformation gradient
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. To represent the inherent difference in the time-dependent behavior of the
volumetric and deviatoric response, we also split the deformation into the distortional and












are the total and elastic part of the volumetric deformation ratio.
The Cauchy stress responseσ is described as the sum of a time-independent equilibrium
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1, (A.1)
where Geq is the equilibrium shear modulus, Gneq
i
are the nonequilibrium shear moduli and
κ is the bulk modulus.
158
APPENDIX A. MODELING MULTIPLE SHAPE MEMORY AND TEMPERATURE
MEMORY EFFECTS IN AMORPHOUS POLYMERS






















FT and Lv is the Lie time derivative.174 The parameter υrefi is
the shear viscosity at the reference temperature and a (T ) is the temperature-dependent shift









As described in Sec. A.1.1.1, the master curve of the relaxation modulus was obtained
as shown in Fig. A.1(a). Linearizing the viscoelastic model to small strain, the uniaxial
tension stress relaxation modulus at the reference temperature can be expressed as,











where Eeq is the equilibrium Young’s modulus and Eneq
i
are the nonequilibrium Young’s
moduli. Because the master curve is extremely broad, it is difficult to fit eq. (A.3) directly




















According to Schwarzl and Staverman,? the continuous relaxation spectrum can be calcu-
lated using the following second order accurate approximation method,
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Figure A.1: Characterizing the stress relaxation behavior of Nafion: (a) master curve of the
relaxation moduli, and (b) the discrete stress relaxation spectrum
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To evaluate eq. (A.5) for h(τ), we expressed log E as a function of log t by fitting a 7th
order polynomial to the master master curve of the relaxation modulus plotted on a log-log




h (z) d (ln (z)) (A.6)
The discreet cumulative relaxation spectrum was evaluated by combining eq. (A.3), (A.4)
and (A.6) as,


















= 1 for τ < τre f
i
.









where τmax and τmin are the maximum and minimum relaxation time chosen based on the
relaxation region and N is the number of relaxation processes. The choice of N is a trade off
between accuracy and computational cost. Haupt et al.131 presented a detailed discussion
of the effect of N on the error of the discrete approximation of the relaxation spectrum.
The nonequilibrium moduli Eneq
i
were calculated such that Hdisc(τ) in eq. (A.7) formed a
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As shown in Fig. A.1a, the relaxation modulus continuously decreased with increasing
time, though at a very slow rate and did not exhibit a clear rubbery plateau. We chose Eeq to









to eq. (A.3) to calculate the master curve for the discrete viscoelastic model. The results,
plotted in Fig. A.1(a), showed good agreement with experimental data. The shear moduli







where the rubbery Poisson’s ratio was υr = 0.5 and glassy Poisson’s ratio was υg = 0.35.
The bulk modulus was calculated as, k = Eneq/3(1 − 2υg). The results gave Geq = 0.087







. The relaxation moduli Gneq (τ) decays very slowly, decreasing only 3 order of
magnitude over 1024 s range of relaxation times.
The temperature-dependent shift factor shift factor was described by a third order poly-
nomial function,
a(T ) = 2.76 ∗ 10−6T 3 − 4.78 ∗ 10−4T 2 − 0.171T + 28.2, (A.10)
which provided a good fit to the experimental data as shown in Fig. A.2. Finally, the
temperature-dependent storage modulus, loss modulus, and tanδ can be evaluated for the
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linearized viscoelastic model as,






































where a (T ) is the shift factor in eq. (A.10).





























Figure A.2: The temperature-dependent shift factor a(T ).
A.3 Results
The constitutive model was applied first to simulate the dynamic temperature sweep
experiments described in Sec. A.1.1.2 using the relaxation spectrum obtained from the
stress relaxation tests in Fig. A.1. The temperature dependent storage modulus and tanδ
were calculated using (A.11) for ω = 2π and T = 40oC − 172oC. The results are compared
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to experimental measurements in Fig. A.3. Good quantitatively agreement across the glass





















































Figure A.3: Comparing experimental measurements and model predictions of dynamic
temperature sweep measurements of: (a) the storage modulus, and (b) tanδ
We applied the model to study the shape recovery of specimens deformed at different
programming temperatures describe in Sec. A.1.2.1. Fig A.4.a shows the experimental
164
APPENDIX A. MODELING MULTIPLE SHAPE MEMORY AND TEMPERATURE
MEMORY EFFECTS IN AMORPHOUS POLYMERS
and simulation results of the free recovery response of the specimens programmed at 155,
120 and 85oC. The activation temperature for strain recovery increased with the program-
ming temperature. The simulations showed good agreement with the experimental data
especially for specimens programmed at 155oC and 120oC. For specimens programmed
at 85oC, the simulation predicted a lower temperature recovery region. The discrepancy
was likely caused by structural relaxation, which is a pronounced effect at the onset of the
glass transition106 and was not included in the model. To illustrate the physical mechanism
behind the effect of the programming temperature, the normalized distribution of nonequi-
librium stresses at end of the cooling period was plotted as a function of the characteristic
relaxation time in Fig. A.4b for each relaxation time τref
i
in the discrete relaxation spec-
trum. The distribution of nonequilibrium stresses was narrow compared to the distribution
of relaxation moduli in Fig. A.1b because faster processes were able to relax to equilibrium
for the programing temperature and applied strain rate. The breadth of the distribution of
nonequilibrium stresses decreased with increasing programming temperature, and the peak
of the distribution shifted towards smaller relaxation times for lower programming temper-
atures. This allowed for faster shape recovery.
Fig. A.5 shows the experimental and simulation results for the multi-staged shape
recover experiments described in Sec. A.1.2.2. The simulations showed good agreement
with the experimental results. At each recovery temperature, the specimens achieved a
partial shape recovery, though the results showed that recovery continued to persist at a
significantly reduced rate. This demonstrated that multi-staged shape-recovery at discrete
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Figure A.4: Influence of the deformation temperature on shape recovery. (a) Comparison
of experimental and simulation results for the unconstrained recovery behavior at different
deformation programming temperature, (b) The distribution of nonequilibrium stresses at
the end of the programming process before unloading.
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temperatures is a manifestation of the very broad relaxation spectrum with relaxation times.
The distribution of relaxation times for Nafion was significantly larger than laboratory time
scale, which allowed the material to obtain the quasi-stable nonequilibrium shape at each
recovery temperature.


































Figure A.5: Comparing the experimental results and model predictions for the free shape
recovery response at multiple temperature steps.
Fig. A.6 plots the recovery behavior of specimens programmed at two different tem-
peratures (Sec. A.1.2.3), showing good agreement between experiments and simulations.
The initial recovery of the specimens programmed at 155oC and 85oC coincided with the
recovery curve of the specimen programmed at 120oC and 85oC. The two curves separated
at 80oC, which corresponded to the activation temperature for shape recovery of specimens
programmed at 120oC in the single-step programming experiment (Fig. A.4). In contrast,
the recovery curves of the specimens programmed at 155oC and 120oC and at 155oC and
85oC were initially different, but merged at 130oC. The 130oC coincided with the tem-
perature at which specimens programmed at a single 120oC temperature achieved fully
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recovery (Fig. A.4).

















































Figure A.6: Shape recovery of specimens programmed at two different temperatures, com-
paring experiments and model predictions.
The nonlinear viscoelastic model was implemented for finite element analysis (Tahoe c©
, Sandia National Laboratories) 2 and applied to describe the multiple shape memory effect
of a membrane with a period array of holes (Fig A.7a). A series of pattern transformations
was programmed in the membrane at different temperatures by applying deformations to
trigger a mechanical instability.175–178 The numerical examples combined the multiple
shape memory effect and mechanical instability to achieve multiple temperature activated
pattern transformation. The repeating unit cell shown in Fig. A.7 was used to describe
a membrane with a periodic array of circular holes. The unit cell was discretized using
hexahedral elements and only one layer element was used in the thickness direction as
shown in Fig A.7.b.
In order to simulate the deformation through the mechanical instability and bias the
buckled configuration, the shape of the bottom-left circle was perturbed into an ellipse
2http://sourceforge.net/projects/tahoe/
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Figure A.7: (a) Schematic of Nafion membrane with a periodic array of circular holes, (b)
finite element model of a representative unit cell of the Nafion membrane.
with a major axis that was 0.14% larger than the minor axis. The displacements were
fixed as follows: uz(x , y, 0) = 0, ux(0, 0, 0) = 0, uy(0, 0, 0) = 0. In addition, periodic
boundary conditions were applied to the x surfaces (AA′B′B, DD′C′C) and y surfaces
(AA′D′D, BB′C′C). The membrane was deformed in the z direction to -25% engineering
strain over 100 seconds at 160oC. The boundary conditions were chosen to simulate the
experiments of,178 which used hot-pressing to trigger the pattern transformation of an SMP
periodic membrane. The applied programmed shape at different strain level is shown in Fig
A.8. The mechanical instability transformed the circular holes into alternating horizontal
and vertical ellipses. The programmed membrane was cooled to 120oC at 6oC/min and
stretched from -25% to 25% engineering strain in the z direction. The tension in the z
direction opened the ellipses returning the shape to the original periodic array of circular
holes. The third temporary programmed shape was achieved by cooling the membrane to
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Figure A.8: The shape memory programming and recovery of the Nafion membrane with
a periodic array of circular holes shown multiple switchable pattern transformation.
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80oC at 6oC/min and then compressing again in z to -20% strain at 80oC. The final shape,
an array of alternating horizontal and vertical ellipses, was fixed by cooling the membrane
to 40oC at 6oC/min under fixed compression strain and unloaded.
The membrane was heated to 170oC at 1oC/min to achieve shape recovery under
traction-free conditions in z, the thickness direction. The recovered shape is shown in
Fig A.8 at different temperatures. As shown at T = 40◦C, unloading in z had negligible
effect on the programmed shape. No pronounced recovery occurred until 70oC. The el-
liptical holes continuously opened with increasing temperature until 85oC and then closed
to reach the ellipses with larger aspect ratio with increasing temperature to 125oC. The
elliptical holes then opened again, transforming to the permanent circular shape. The mem-
brane achieved fully recovery at 170oC. As shown, the multiple pattern transformation can
be achieved by combining mechanical instability and the multiple shape memory effect.
Stretching the thin film in the thickness direction to program the second temporary shape
may be difficult to achieve in experiments. Alternatively, pattern transformation can be
achieved by deforming the film through uniaxial or biaxial compression in the plane.176, 177
Stretching the film in the plane would open the collapsed holes to achieve the second tem-
porary shape for this loading configuration.
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Finite Element Implementation of a
Coupled Thermal-mechanical Model
In this appendix, the thermal-mechanical coupled model developed in Chapter 4 is im-
plemented as a user-defined element subroutine into finite element code. The constitutive
equations are first summarized and the procedures of the numerical implementation are
described.
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B.1 Constitutive Equations
The deformation gradient tensor, strain and stress tensor are defined in Chapter 2-4.


































The inelastic flow stress is given as,
























M j , j = 1 : N , (B.3)
In developing the nonequilibrium thermodynamics theory, the effective temperatures are
treated as state variables. Due to the large number of effective temperatures, the effec-
tive temperature in the finite element simulations are treated as internal variables and only





























To be simple, the diffusion of the effective temperatures is ignored in the current imple-
mentation.
173
APPENDIX B. FINITE ELEMENT IMPLEMENTATION OF A COUPLED
THERMAL-MECHANICAL MODEL
B.2 Numerical Solution Procedure
The following implementation procedure is developed on the reference configuration.
The similar procedure can be also developed on the current configuration. The strong forms
of the coupled thermal-mechanical model are summarized as,
Balance of Momentum

Div (FS) + B = 0 in Ω
U = Û on Ωu ,






i ∆ciṪei = −∇X ·Q +Wdis in Ω
T = T̂ on Tn ,
Q = Q̂n on Qn
(B.6)
where Wdis is the total heat generation from the dissipation. With the weighting functions




∇W : (FS) dV =
∫





























Using the above equations, the weak forms can be discretized as,
∫
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Fi jFlnC jkmndV (B.13)
where the C jkmn =
∂S jk
∂Cmn . The second term of the right side of eq. (B.13) is similar to the
stiffness matrix of linear theory while the first terms is caused by an initial stress contri-
bution. To obtain the material tangent moduli C jkmn, some numerical methods (for exam-
ple, Holzapfel,174 and Reese and Govindjee127) have been developed based on the spec-
trum deposition. In our implementation, the Reese-Govindjee method (RG split method) is
adopted.
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To obtain the K ṪṪ
AB
, the relationship between T and Ṫ needs to be provided. In order
to obtain the temperature T from the temperature rate Ṫ , the Crank-Nicolson method is
adopted. The predictor of temperature is defined as,
T̃n = Tn + (1 − α)∆tṪn . (B.14)
The temperature can be calculated through the predictor,
Tn+1 = T̃n + α∆tṪn+1. (B.15)
Thus, ∆T = α∆t∆Ṫ can be obtained. The Fourier law is adopted for heat condition, Q =
−k0C−1∇T , where k0 is thermal conductivity coefficient. The heat convection between the
specimen and air is described by Q̂n = h0(T −Tenv), where h0 is the heat transfer coefficient



















where Wpsis = Wdis −
∑P
l ∆ciṪei represents the fraction of viscous dissipation flow into the
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The explicit function of S is not directly expressed byT andWpdis is also not directly related


















































∂C are obtained through satisfying the evolution equation of viscous
flow (eq. (B.3)) and the evolution equation of effective temperatures (eq. (B.4)) at the
intergraion point. The detailed information can be found in Reese and Govindjee127 and is
not provided in this thesis.
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